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Abstract 

We consider timelike and spacelike reductions of 4D, N = 2 Minkowski- 
an and Euclidean vector multiplets coupled to supergravity and the 
maps induced on the scalar geometry. In particular, we investigate 
(i) the (standard) spatial c-map, (ii) the temporal c-map, which cor¬ 
responds to the reduction of the Minkowskian theory over time, and 
(iii) the Euclidean c-map, which corresponds to the reduction of the 
Euclidean theory over space. In the last two cases we prove that the 
target manifold is para-quaternionic Kahler. 

In cases (i) and (ii) we construct two integrable complex structures 
on the target manifold, one of which belongs to the quaternionic and 
para-quaternionic structure, respectively. In case (iii) we construct 
two integrable para-complex structures, one of which belongs to the 
para-quaternionic structure. 

In addition we provide a new global construction of the spatial, 
temporal and Euclidean c-maps, and separately consider a description 
of the target manifold as a fibre bundle over a projective special Kahler 
or para-Kahler base. 
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1 Introduction and summary of results 

1.1 Background and motivation 

This paper completes the programme started in [1] and continued in mm, 
the purpose of which is to describe the scalar geometries of Euclidean 3sf = 2 
vector and hypermultiplets both without and with coupling to supergravity. 
Recall that with the standard (Minkowskian) spacetime signature the scalar 
manifolds of four-dimensional vector multiplets are affine special Kahler in 
the absence of supergravity and projective special Kahler in the presence 
of supergravity [31113|. The scalar manifolds of hypermultiplets in d < 6 
space-time dimensions are hyper-Kahler in the absence of supergravity and 
quaternionic Kahler in the presence of it Together with the affine 

and projective special real target manifolds of five-dimensional vector mul¬ 
tiplets [nnn], they form a family of related geometries which we refer to 
as special geometriesJi] In each case the corresponding special geometry 
exists in a ‘rigid’ or ‘affine’ version, which is realised in supersymmetric 
field theories not coupled to supergravity, and a ‘local’ or ‘projective’ ver¬ 
sion, which occurs when the respective matter supermultiplet is coupled to 
supergravity. When constructing supergravity theories using the so-called 
conformal calculus, see [2T] for a review, it is manifest that the ‘local’ ver¬ 
sions of the special geometries are related to special cases of their ‘global’ 
counterparts. In the field theoretic framework, one starts with a field the¬ 
ory invariant under rigid superconformal transformations, and then gauges 
the superconformal symmetry to obtain a theory which is ‘gauge-equivalent’ 
to a Poincare supergravity theory. The scalar geometries of the supercon¬ 
formal and of the Poincare supergravity theory are related by a so-called 
superconformal quotient. Geometrically, the target manifolds of supercon¬ 
formal field theories admit a certain homothetic action of the group IR^*^, 
C* and ]H*/Z 2 for five-dimensional vector multiplets, four-dimensional vec¬ 
tor multiplets, and hypermultiplets, respectively. We refer to such affine 
special manifolds as conical, since their metrics have the form of a metric 
cone, at least locally. The corresponding ‘local’ special geometry is then 
obtained by dividing out this group action. This motivates the terminology 
of ‘conic (affine)’ and ‘projective’ special geometry, which was introduced 
in m and [12] . respectively, and which we will use in the following. 

Another link between the special geometries is provided by dimensional 
reduction. Reducing five-dimensional vector multiplets to four-dimensional 
vector multiplets and four-dimensional vector multiplets to three-dimensional 
hypermultiplets induces maps between their scalar manifolds. These come 
in both a rigid and local (or supergravity) version, depending on whether the 
theory is coupled to supergravity. The (rigid/supergravity) r-map relates 
(affine/projective) special real to (affine/projective) special Kahler geome- 

^ See also \nmm for reviews of special geometry. 
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try [n i22[[23] . while the (rigid/supergravity) c-map relates special Kahler 
geometry to hyper-Kahler or quaternionic Kahler geometry [241125] . 

Throughout the programme m we have taken the approach of obtain¬ 
ing the scalar geometries of the Euclidean theories by dimensional reduction 
of Minkowskian theories over time, since this automatically ensures that the 
reduced theory is invariant under the Euclidean supersymmetry algebra. 
Thus our programme amounts to constructing and studying new versions 
of the r-map and c-map. It is well known that the spatial and temporal 
reduction of a given theory differ by relative signs in their Lagrangians, 
and in particular that temporal reduction can lead to scalar target spaces 
with indefinite Riemannian metrics. The central observation of [T] was that 
the scalar geometries of Minkowskian and Euclidean vector multiplets of 
the same dimension are related systematically by replacing complex struc¬ 
tures by para-complex structures □ This is in contrast with four-dimensional 
Minkowskian and Euclidean hypermultiplets, which have the same target 
manifolds at least in the local case m- The scalar geometries of four¬ 
dimensional Euclidean vector multiplets are affine special para-Kahler in 
the rigid case and projective special para-Kahler in the local case, as shown 
in [T] and [3]. While para-Kahler manifolds had been defined previously 
in the mathematical literature [28ll^ (we refer to |3Uj for a review of the 
history of para-complex geometry and further references), the two types 
of special para-Kahler geometry were described for the first time in these 
references. As explained in [T], the natural expectation is that after the 
dimensional reduction of four-dimensional vector multiplets over time the 
geometry of the resulting three-dimensional Euclidean hypermultiplets is 
par a-hyper-Kahler in the rigid case and para-quaternionic Kahler in the lo¬ 
cal case. While rigid hypermultiplets were dealt with in [2], it remains to 
consider local hypermultiplets in order to complete the programme. 

As in the corresponding rigid case [2], we will obtain in this paper two 
new supergravity c-maps, since we can either reduce the Minkowskian theory 
over time, or the Euclidean theory (which was constructed in [3]) over space. 
We will refer to these constructions as the temporal c-map and the Euclidean 
c-map, respectively. Moreover, we will also revisit the standard, ‘spatial’, c- 
map and thus consider all possible spacelike and timelike reductions of both 
Minkowskian and Euclidean four-dimensional vector multiplets coupled to 
supergravity. The reason is that as a further main result we obtain a new 
global construction of the supergravity c-map, which we present in a uniform 
way for all three cases. 

The c-map was first described in the context of the T-duality between 
compactifications of type-IIA and type-IIB string theories with IN' = 2 su¬ 
persymmetry [23]. Upon reduction to three dimensions as an intermediate 
step, four-dimensional vector multiplets become three-dimensional hyper- 

^Related observations were already made for ten-dimensional IIB supergravity in |26 |. 
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multiplets, so that the three-dimensional theories have two hypermultiplet 
sectors which only couple gravitationally. As a result there are two different 
decompactification limits, which can be used to relate the four-dimensional 
IIA and IIB theories to one another. The hypermultiplet metrics result¬ 
ing from dimensional reduction were described explicitly in [25], and it was 
shown that they are quaternionic Kahler, as predicted by supersymmetry. In 
the construction of [2S| it is assumed that the underlying projective special 
Kahler manifold M is a projective special Kahler domain, that is defined by 
a single holomorphic prepotential, which is sufficient to obtain a local de¬ 
scription of the resulting quaternionic Kahler manifold N. This leaves open 
the question of how to describe the c-map globally if M is not a domain, 
and how to characterise the resulting quaternionic Kahler metric globally in 
terms of the geometric data of M. A global description is not only prefer¬ 
able mathematically but also needed for physical questions. In particular, 
in order to understand the full non-perturbative dynamics of ISf = 2 string 
compactifications, one would like to know under which conditions the re¬ 
sulting hypermultiplet manifolds are complete. Some results on these global 
questions will be discussed below. 

For the rigid r-map and c-map the global geometrical description is 
known. It was already observed in [M] that the image of an affine special 
Kahler domain M under the rigid c-map can be interpreted as its cotangent 
bundle T*M. More generally, affine special real and affine special Kahler 
manifolds are by definition equipped with a flat connection, which allows 
their tangent bundle to be decomposed into a horizontal and a vertical dis¬ 
tribution. This can be used to show that the tangent bundle (equivalently, 
the cotangent bundle) of an affine special real or affine special Kahler man¬ 
ifold naturally carries the structure of an affine special (para-)Kahler or of 
a (para-)hyper-Kahler manifold, respectively [3l [T3l[23] . 

Given that the affine and projective special geometries are related by 
superconformal quotients, one may ask whether it is possible to express 
the supergravity c-map in terms of the rigid c-map, applied to the associ¬ 
ated conical affine special Kahler manifold. In physical terms this amounts 
to ‘lifting the supergravity c-map to the superconformal level’, which was 
investigated in m and |32] . Both constructions give rise to an off-shell real¬ 
isation of the c-map in terms of tensor multiplets. Being off-shell means that 
supersymmetry is realised independently of the equations of motion by the 
inclusion of auxiliary fields. This has in particular the advantage that the 
problem of adding higher derivative terms is tractable. Tensor multiplets are 
related to hypermultiplets by a duality transformation. The corresponding 
relation between the Kahler and quaternionic Kahler metrics is as follows: 
The potential for the tensor multiplet metric is related to the prepotential 
of the special Kahler metric by a contour integral. Performing a Legendre 
transform on the tensor multiplet potential one obtains a hyper-Kahler po¬ 
tential for the hyper-Kahler cone (or Swann bundle) over the quaternionic 
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Kahler manifold, which encodes the quaternionic Kahler metric |31] . 

Another approach to relating the supergravity c-map to the rigid c-map, 
and similarly, the supergravity r-map to the rigid r-map was described in 
[33] . Here the idea is to find a construction, dubbed ‘conification’, which 
allows one to obtain the image of the supergravity c-map (supergravity r- 
map) by conification of the image of the rigid c-map (or r-map) followed 
by a super conformal quotient. A general construction for the conification of 
Kahler manifolds and hyper-Kahler manifolds (satisfying certain technical 
conditions) was given. While the conification of (pseudo-)Kahler manifolds 
leads to a new Kahler/Kahler (‘K/K’) correspondence, the conification of 
(pseudo-)hyper-Kahler manifolds leads to a general (indefinite) version of 
the hyper-Kahler/quaternionic Kahler (‘HK/QK’) correspondence of [34j . 
which was also discussed by [35] and [36H39j . Moreover one obtains a new 
explicit expression for the quaternionic Kahler metric, which allows one 
to recover the explicit form of the c-map metric of [25| and its one-loop 
deformation m as a special case, see [33ll3T] for details. This method 
provides a direct proof that these metrics are quaternionic Kahler, which is 
independent of supersymmetry or the proofs in the undeformed case given 
in [251112]. As a consequence, one recovers the earlier result of [35], obtained 
using twistor methods, that applying the QK/HK correspondence (inverse to 
the HK/QK-correspondence) to the Ferrara-Sabharwal metric one obtains 
the rigid c-map metric. 

We remark that since every (para-)quaternionic Kahler manifold has an 
associated twistor or para-twistor space [SHH], one can also approach the 
geometry of the c-map through the corresponding twistor spaces. For this 
approach we refer to the literature, see in particular [13] . 

Another approach to the global description of the c-map is to cover the 
initial projective special Kahler manifold by projective special Kahler do¬ 
mains, to which one applies the supergravity c-map as formulated in |25| . 
and then to check that the resulting quaternionic Kahler domains can be 
consistently glued to a quaternionic Kahler manifold. It was shown in [H] 
that the quaternionic Kahler domains take the form N = M x G, where G 
is a solvable Lie group, and that the quaternionic Kahler metric is a bundle 
metric = gj^ + go (p ), where go (p) is a family of left-invariant metrics on 
G parametrised by p E mH This was used to prove that the quaternionic 
Kahler domains obtained by applying the supergravity c-map domain-wise 
can be glued together such that resulting manifold has a well-defined quater¬ 
nionic Kahler structure. Moreover, it was proved in [45], that both the 
supergravity r-map and the supergravity c-map preserve completeness of 
the Riemannian metrics. While complete projective special real curves and 
surfaces were classified in [45] and [46] respectively, a necessary and suf- 

®It was already observed in [^ that by fixing a point p £ M one obtains a Kahler 
metric. 
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ficient condition for the completeness of a projective special real manifold 
was obtained more recently in m- In fact, it was shown that a projective 
special real manifold IK C 1R"'"’“^ is complete if and only if it is closed as a 
subset of a condition which can be easily checked in many examples. 

Moreover it was shown that any projective special real manifold respecting 
a generic regularity condition on its boundary is complete. Therefore the 
composed r- and c-map can be used to construct many new examples of 
non-homogeneous complete quaternionic Kahler manifolds. 

Yet another description of the spatial and temporal c-map was obtained 
in [l8], where the objective was to find a formulation of the temporal c- 
map which is adapted to lifting three-dimensional Euclidean supergravity 
solutions (‘instantons’) to four-dimensional stationary supergravity solutions 
(black holes and other ‘solitons’) |48H50] . To maintain the symplectic covari¬ 
ance of the four-dimensional theory, dimensional reduction was performed 
without taking the superconformal quotient in the four-dimensional theory, 
which resulted in the description of the (para-)quaternionic Kahler manifold 
N in terms of a 17(1) principal bundle P ^ N. In this paper we will extend 
the local description given in [45] to the Euclidean c-map. Moreover, we will 
give a global construction of the bundle P and show that it is obtained with 
all data needed to define the (para-)quaternionic structure of iV in a natural 
way from the underlying projective special (para-)Kahler manifold M as a 
one-dimensional extension of the tangent bundle TM of the associated con¬ 
ical affine special (para-)Kahler manifold M. Another approach, left to the 
future, would be to adapt the HK/QK-correspondence to encompass para 
geometries. 

One ingredient of jUj which will be useful in the present paper is to 
employ special real coordinates for the conical special (para-)Kahler mani¬ 
fold M. Special real coordinates make explicit the flat symplectic (rather 
then holomorphic) aspects of special Kahler manifolds |12lll3l[241l51] . Erom 
the affine point of view the existence of special real coordinates is related 
to the fact that any simply connected affine special Kahler manifold can be 
realised as a parabolic affine hypersphere |52] . while the natural bun¬ 
dle over the associated projective special Kahler manifold carries the struc¬ 
ture of a proper affine hypersphere endowed with a Sasakian structure [53] . 
Analogously, affine special para-Kahler manifolds are intrinsically improper 
affine hyperspheres [54] . Real coordinates play a central role in the anal¬ 
ysis of black hole partition functions and their relation to the topological 
string [551158] . The formalism of |48[l56j uses special real coordinates on a 
conical affine special Kahler manifold to describe the underlying projective 
special Kahler manifold. A different approach where special real coordi¬ 
nates are introduced directly on the projective special Kahler manifold was 
described in |59| (see also [BD] for a review of special real coordinates in the 
affine case). 

One aim of our programme is to make explicit the fact that Minkowskian 
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and Euclidean theories can be presented in a uniform way. In [T] it was noted 
that in suitable coordinates the Lagrangian and supersymmetry transfor¬ 
mations of vector multiplets take exactly the same form in either signature, 
and are only distinguished by interpreting the involution z z as complex 
conjugation in the Minkowskian and as para-complex conjugation in the 
Euclidean case. Starting from [3] a unified e-complex notation was used, 
where e = — 1 corresponds to the complex and e = 1 to the para-complex 
case. This notation will also be used in the present paper. Since, apart from 
choosing to reduce a Minkowskian theory over space or over time, we can 
choose to start with a Euclidean theory in four dimensions, we will need a 
further refinement of our notation. Our convention is that whenever we talk 
about complex/para-complex manifolds or structures in a generic way, we 
will use the symbol e = ±1, whereas ei = ±1 refers to the geometry of the 
four-dimensional theory we start with, while e 2 = ±1 distinguishes between 
reduction over time and reduction over space. We will explain more about 
this notation in the next subsection. 

The temporal c-map has been studied before in various publications, 
mostly in relation to constructing stationary solutions by lifting Euclidean 
solutions over time. In [61] a list of the symmetric spaces resulting from 
applying the temporal c-map to symmetric projective special Kahler man¬ 
ifolds was given. As mentioned in m. these symmetric spaces are in¬ 
deed para-quaternionic Kahler. This can be proved by either analysing the 
holonomy representation, or by comparing with the classification o^seudo- 
Riemannian symmetric para-quaternionic Kahler manifolds of |62jF 


1.2 Main results 

Recall that given a projective special Kahler domain M of dimension 2n, 
dehned by a holomorphic prepotential F that is homogeneous of degree two, 
the supergravity c-map assigns a quaternionic Kahler metric on a mani¬ 
fold N of dimension 4n -|- 4. The target metric is induced by the dimensional 
reduction of 4D, Tf = 2 supergravity coupled to n vector multiplets over a 
spacelike dimension, and was first computed explicitly by Ferrara and Sab- 
harwal in [52]. Henceforth we shall refer to this construction specifically as 
the spatial c-map. It turns out that this metric can be defined even if the 
projective special Kahler manifold is not defined by a single holomorphic 
prepotential, but is rather covered by domains on which such prepotentials 
exist [l5]. The total space N is then interpreted as a bundle over M, the 
fibres of which are solvable Lie groups isomorphic to the Iwasawa subgroup 
of SU{l,n + 2). 

The main purpose of this paper is to generalise the spatial c-map con¬ 
struction. We will give a different description of the total space N as an 


‘‘See also Section 3.6 of [55) . 




5^-quotient N = P/S^, where P = TM x R is the product of the tangent 
bundle of the (2n + 2)-dimensional conical affine special Kahler manifold 
{M,J,g,'V,^) underlying M with the real line. We will assume that M is 
simply connected in which case one may identify TM = M x 1R^”+^ using 
the flat connection and P = M x The principal 5^-action on P cor¬ 

responds to the U{1) subgroup of the natural C*-action on the hrst factor. 
It is locally generated by the trivial extension Zp to P of the Killing vector 
field on M. An advantage of this construction is that it does not place 
any restrictions on the projective special Kahler manifold M, only that the 
underlying conic affine special Kahler manifold M is simply connected. It 
can also be adapted to the following two new cases, which is the main goal 
of this paper: 

(i) The temporal c-map. 

This assigns to every projective special Kahler manifold of dimension 
2n a para-quaternionic Kahler manifold of dimension 4n -|- 4. It is 
induced by the reduction of 4D, Isf = 2 supergravity coupled to vector 
multiplets over a timelike dimension. 

(ii) The Euclidean c-map. 

This assigns to every projective special para-Kahler manifold of di¬ 
mension 2n a para-quaternionic Kahler manifold of dimension 4n -|- 4. 
It is induced by the reduction of AD, Tf = 2 Euclidean supergravity 
coupled to vector multiplets over a spacelike dimension. 

This information is summarised in Table [TJ While the explicit form of the 
target metric of the temporal and Euclidean c-maps can be easily adapted 
from the case of the spatial c-map, it is not obvious that the metrics are 
para-quaternionic Kahler. In order to prove this we will explicitly compute 
the Levi-Civita connection and show that it is compatible with an Sp{2) ■ 
Sp{2n, lR)-structure. We will see that the reduced scalar curvature for all 
c-map target manifold^ is equal to —2. 

It was observed in [M] that the target manifold of the spatial c-map ad¬ 
mits a complex structure which is part of the quaternionic Kahler structure. 
We will show that it also admits a second complex structure which is not 
part of the quaternionic Kahler structure. Similarly, the temporal c-map ad¬ 
mits two complex structures, one of which is part of the para-quaternionic 
Kahler structure, and the Euclidean c-map admits two para-complex struc¬ 
tures, one of which is part of the para-quaternionic Kahler structure. 

Let us give a brief summary of our construction for the spatial c-map. In 
order to define the quaternionic Kahler metric we must first recall some facts 
concerning conical affine special Kahler manifolds that can be found in |13l 
I48j . Let (M, J, 5 , V,^) be a conic affine special Kahler manifold of complex 

®In the conventions of [53] the reduced scalar curvature is —1 for the spatial c-map. 
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Base 

Target 

Spacetime signature 

spatial 

c-map 

projective special 
Kahler 

quaternionic 

Kahler 

(3 -|- 1) —>■ (2 -|- 1) 

temporal 

c-map 

projective special 
Kahler 

para-quaternionic 

Kahler 

(3 -|- 1) —(3 -|- 0) 

Euclidean 

c-map 

projective special 
para-Kahler 

para-quaternionic 

Kahler 

(4 + 0) ^ (3 + 0) 


Table 1: Summary of spatial, temporal and Euclidean c-maps. For a base 
manifold of dimension 2n the target manifold has dimension 4n + 4. 


dimension re + 1. We will assume that M is simply connected and therefore 
there exists a conic holomorphic nondegenerate Lagrangian immersion (j) : 
M ^ that is unique up to symplectic transformations. On M 

there exist 2re + 2 globally-defined real functions (x^ = = 

ReZ”,2/0 = ■ ■ ■ ,yn = ReWn), where lT/')/=o,...,n are complex 

linear coordinates on that satisfy a; = = 2dx^ A dyj and 

locally form a V-affine coordinate system about any point of M [131 Thm 9]. 
Since the functions (g“)a=o,..., 2 n-i-i := ,yi)i=o,...,n are unique up to linear 

symplectic transformations one may uniquely define the following global 
one-forms on TM: 

q°‘Q.abdq^ , f'VLabdq^ , q'^Q.abdq^ , q°‘Qabdq^ , 

where 

(_"i;) 

is two times the Gram matrix of oo, i.e. w = Vlabdq°' A and 

are global functions TM associated with the functions ((/“) on M. 
The special Kahler metric g on M is given by the Hessian of the function 

g = VdH = Habdq'^dq^ , 

where Hab = g^aggh ■ The function H is homogeneous of degree two with 
respect to the functions (g“). It is called the Hesse potential and, in the 
real formulation of special Kahler geometry, plays a role analogous to the 
holomorphic prepotential. The projective special Kahler metric g is related 
to H by [H] 

h = habdqMq^ := Mg = -^ydH+^{dHf + {vf = VdH-{dHf+{vf , 

where H = —^ \og{—2H) and v = —^q°‘Q.abdq^ = —■^J*dH = J*dH. Here 
we have denoted byvrrM —)-M = M/C* the canonical projection of the 
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C*-action on M, which is locally generated generated by the vector fields ^ 
and J^. 

We will now construct the quaternionic Kahler metric on N = P/S^. 
We hrst remark that the symmetric (0,2)-tensor field 

h + {dHf = VdH + {vf, 


on M has one-dimensional kernel Using the canonical projection 

TM —> M we may consider any covariant tensor field (such as h,H,...) 
on M as a tensor field on TM. Similarly, any covariant tensor field on TM 
can be considered as a tensor field on P by means of the canonical projection 
P = TMxlR,^TM. In particular we will consider the one-forms on P 


dH = -^Hadq^ , 


^ {d^ P 2KKbdt) , 

K = -^q^-^abdt 


where cf) is the coordinate in the second factor of P = TM x R. Let us define 
on P the symmetric (0,2)-tensor field 


g' = Kb [dq^dq’^ + dqMq^) + + [Kf + + [Kf , (1) 


which has kernel RZp and is invariant under the circle group It induces 
a pseudo-Riemannian metric gjy on N = P/S^, which is positive definite if 
the projective special Kahler metric g is positive definite. We will verify 
later that this metric can be brought to the standard form of the Ferrara- 
Sabharwal metric, and is therefore pseudo-quaternionic Kahler. 

When we consider the cases of the temporal and Euclidean c-map we will 
find that the tensor field g' on P differs from the case of the spatial c-map 
m only by certain sign-flips. It is convenient to introduce the parameters 
^ 1,62 € which are determined by the rule 


(eiT2) 


(- 1 ,- 1 ) spatial c-map 
< (— 1 ,-|- 1 ) temporal c-map 
_(-|-l,±l) Euclidean c-map . 


( 2 ) 


When we are not specifically discussing the c-map we will use the symbol 


e = ‘generic’ epsilon, which can be either ±1 . 


One may interpret the parameters ei,e 2 physically as follows: The choice 
ei = — 1 corresponds to starting with a theory of 4D, 'N = 2 supergravity 
coupled to vector multiplets with Lorentzian spacetime signature, and ei = 1 
to the same theory with Euclidean spacetime signature. If ei = —1 then €2 = 
— 1 corresponds to the dimensional reduction of this theory over a spacelike 
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dimension, and 62 = 1 to dimensional reduction over a timelike dimension. 
If ei = 1 then one must necessarily reduce over a spacelike dimension, which 
corresponds to €2 = —1- However, as we will explain later, if one chooses 
instead £2 = 1 then the resulting target manifold is globally isometric to 
the case 62 = —1, and so both choices are mathematically equivalent. Using 
this notation one may write various expressions in a unified way for all three 
c-maps. For example, the expression for g' can be written for all c-maps as 

9' = hah (dq'^dq’’ - e2dq°‘dq^^ + - ei - €2 + €162 . 

Note that when ei = 1 the tensor /i on M is of split-signature on any 
subspace complementary to its kernel. It is therefore clear from the above 
expression that g' induces a positive definite metric on N only when the 
metric g on M is positive definite and ei = £2 = — 1. For all other choices 
of ei and 62 it induces a metric of split-signature. 

We will also discuss a complementary approach to describing c-map tar¬ 
get spaces locally as the product 


N = M xG, 

where M is (a domain in) the original projective special ei-Kahler base 
manifold and G is the Iwasawa subgroup of SU{l,n + 2). With respect to 
this decomposition the metric on N can be written as 

9n =9 + 9g{p) , 

where g is the metric on M and gcip) is a family of left-invariant metrics on 
G that depends on the point p ^ M. We will explicitly show that for fixed 
p the metric go is a symmetric ei-Kahler metric of constant ei-holomorphic 
sectional curvature. 

This paper is organised as follows. We begin in Section [2] with a re¬ 
view of background material. In Section 12.11 we discuss e-complex vector 
spaces, spaces of e-complex lines and how these can be represented as sym¬ 
metric spaces and realised as solvable Lie groups, and special e-Kahler man¬ 
ifolds. In Section [T3] we discuss e-quaternionic Kahler structures on vector 
spaces and e-quaternionic Kahler manifolds. The physical aspects of the 
c-map construction are dealt with in Section [3l We discuss theories of 4D, 
N = 2 supergravity coupled to vector multiplets with either Lorentzian or 
Euclidean spacetime signature, and the reduction of such theories to three 
dimensions over a spacelike or timelike circle. This provides the motiva¬ 
tion for the choice of metric on the c-map target manifold. In Section [4] we 
present our construction of the c-map. We provide a detailed description of 
the target space topology, metric and e-quaternionic structure. The explicit 
calculation of the Levi-Civita connection is postponed until Section [5l where 
we discuss each c-map on a case-by-case basis. In this section we also prove 


12 


the existence of two integrable e-complex structures on the c-map target 
manifold. Finally, in Section [6] we discuss the complementary approach to 
describing c-map target manifolds locally as group bundles. Throughout 
this paper we will use the index conventions 

A,B,C,... = l,...,n , m,p,q,... = l,...,2n , 

I, J, K,... = 0,... ,n , a,b,c,... = 0,... ,2n + 1 . 

2 E-Kahler and £-quaternionic Kahler geometry 

2.1 e-Kahler manifolds 

In this section we review e-complex and e-Kahler manifolds, and provide 
some examples which we will use later in the paper. The concepts of e- 
complex geometry allow us to talk about complex and para-complex geom¬ 
etry in parallel. Intuitively, para-complex geometry differs from complex 
geometry by replacing the field of complex numbers C by the ring of para- 
complex numbers C = IR 0 elR, where e is the para-complex imaginary unit 
satisfying 

= 1 , e = -e . 

We assume that the reader is familiar with the dehnitions and the rele¬ 
vant properties of para-complex, para-Hermitian and para-Kahler manifolds, 
which can be found, for instance, in [T]. As in [3] we will use a unihed e- 
complex notation and terminology, where e = — 1 refers to the complex case 
and e = 1 to the para-complex case. Thus, for example, we will use the 
symbol to denote the complex imaginary unit i in the case £ = —1 and 
the para-complex imaginary unit e in the case e = 1 such that 



We denote by Cg = lR[ie] the ring of e-complex numbers. Similarly, an 
almost e-complex structure J on a real differentiable manifold M is a field 
of endomorphisms of the tangent bundle TM such that = el, and such 
that the eigendistributions of J have equal rank. Our convention for the 
relation between the e-complex structure J, pseudo-Riemannian metric g 
and e-Kahler form u) on an e-Kahler manifold (M, J, g) is 

LO = £g{J-,-). (3) 

Among the simplest examples of e-Kahler manifolds are spaces of con¬ 
stant e-holomorphic sectional curvature, which are always (pseudo-)Riemann- 
ian locally symmetric spaces. As we will see later c-map spaces are fibre bun¬ 
dles over special e-Kahler manifolds with fibres of constant e-holomorphic 
sectional curvature. Therefore we will now discuss these spaces in some 
detail. 
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2.1.1 e-complex vector spaces 

The construction of e-Kahler metrics that we are going to present is a gen¬ 
eralisation of the well-known Fubini-Study metric on complex projective 
spaces C-P". Consider the vector space 1R"'+^ 0 1R”+^ = with coordi¬ 

nates 

(x,y) = , I, J = 0,... ,n . 

We introduce a scalar product 

((x, y), (u, v)) = r/(x, u) - er/(y, v) , 

on 1 ^ 2 n-i- 2 ^ where ??(•,•) is a scalar product of signature {k,l) on In 

terms of orthonormal coordinates on we have 

r?(x, u) = , 

where (rju) = diag(lA;, —l^). Thus (•,•) is a scalar product of signature 
{2k, 21) if e = —1 and of signature (n 0 1 , n 0 1 ) if e = 1 . 

Next, we define an e-complex structure on by 

«^(x,y) = (ey,x) . 

Note that J is skew with respect to (•,•), so that J, {■,■)) is an e- 

Hermitian vector space, that is a (pseudo-)Hermitian vector spacqj if e = — 1 
and a para-Hermitian vector space if e = 1. 

We identify (R^’*'*'^, J) with the standard e-complex vector space = 
Rn-i-i 0 means of the isomorphism 

C^+i 9 z = X 0 i^y (x, y) G r2"+2 ^ 

This identifies J with the standard e-complex structure on that is 

Jz = igZ. On we consider the e-Hermitian form 

7 (z, w) = 77 /j/n)'^ , (4) 

which is of complex signature {k,i) if e = —1. Using the isomorphism 
(pin-i-i ^ j^ 2 n-i- 2 ^ write it as 

-f = {■,■)+eie{J-,-). (5) 

In coordinates it is given by 

7 ((x,y), (u, v)) = riijx^u-^ - erjijy^v'^ 0 {rjijy^u-^ - yijx^V^) 

= riijz^w'^ = 7 (z,w) , 

where z = x 0 i^y, w = u 0 i^v. 

®Since we will frequently deal with indefinite scalar products, we will usually omit the 
prefix ‘pseudo-’. 


14 



2.1.2 Spaces of e-complex lines 

We continue to consider the e-complex vector space J), 

equipped with the e-Hermitian form (j^ . 

Consider the open subset 

^ ^ ^ ^ f{u € > 0} ife = -l 

^ u) / 0} if e =-1-1 , 

and define the space of e-complex lines 

P(T>) = D/ ~ , where u ~ (R -|- RJ)u = (R -|- RJ)u^ . 

This can be viewed as taking a quotient with respect to the natural action 
V 1-^ zv oi the group of units 

C* = {z G Cgiz invertible} C , 

of the ring C^. Since this group will play some role in the following, let us 
make some remarks. 

Remark 1. In the complex case C* is the multiplicative group C* of non¬ 
zero complex numbers, which is connected. In contrast, the para-complex 
numbers z = x -\- ey that are not invertible are precisely those which are 
located on the light cone = 0, and the group of para-complex units 

C* has four connected components: 

C* = Co* U eCo* U -Co* U -eCo* , 

where Cq is the connected component of unity. 

Remark 2. Note that when defining D we have excluded not only the zero 
vector but all null vectors. This is done for two reasons. In fact, in the case 
e = 1 there exist non-zero singular vectors, that is vectors v such that the 
orbit C*v is of lower dimension than 2. In order to obtain a free action of 
C* we therefore need to exclude such vectors. This is ensured by excluding 
null vectors. Another reason is that, as we will see below, in order to define 
the induced metric on P{T)) we will have to divide by {v,v). Finally, in the 
case e = —1, to avoid jumping of the signature of the metric on the quotient 
we restrict to spacelike complex lines. The restriction to spacelike lines is 
no loss of generality, since we can always multiply the metric by —1. Notice 
that in the case e = 1 multiplication by e maps spacelike to timelike vectors 
and vice-versa, and therefore there is no notion of spacelike (nor timelike) 
para-complex lines. 

The group C* acts freely and properly on T) by e-holomorphic transfor¬ 
mations. Therefore, P{T)) is a smooth e-complex manifold and vr : 2) —)• 
P{T>) is an e-holomorphic C*-principal bundle. 
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Using the e-Hermitian form 7 on we define an e-Hermitian form 

7 on P{T>) by 


l'iu,v)p = -f^^p){dTTpU,dTrpv) 


l{u,vh{p,p) -'y{u,p)'y{p,v) 

l{p,pf 


where p G D and u,v G TpT> ~ In terms of e-complex coordinates, 

this sesquilinear form corresponds to the following tensor field on D: 


7 = 


{riKLZ^z^) pij - {pz)i{r]z)j 


(riKLZ^z^) 


dz^ 0 dz-^ . 


To see that this defines an e-Hermitian metric on P{T>), we first note that 
7 ' is manifestly invariant under C*. Moreover it is easy to see that 7 ^(^, •) = 
0 = 7 '(J^, •), where ^ = z ^-|- z ^is the position vector field on T. 
Thus is also horizontal with respect to the C*-action and hence can be 
pushed down to -P(I)). Since the kernel of 7 ' is spanned by it defines 

a non-degenerate e-Hermitian metric on P{T)). 

Consequently the real part 


g'{u,v)p = 


{u, v) {p, p) - {u,p){v,p) + e{u, Jp) {v, Jp) 

(p,p )2 


of 7 ' defines a metric g on -P(2)) such that g' = 7r*g. The degenerate tensor 
field g' on T, when expressed in e-complex coordinates, is 

9' = QijdzUz-^ = - - ^ o {{pKLZ^z^) Vij - ViKZ^VJLZ^) dz^dz'^ . 

[PKLZ^ Z^) 


This symmetric tensor field can be locally expressed using a potential K, 
which is given by the logarithm of the squared length of the position vector 
field; 

d'^K 

~ ’ 

where 

K = \og\gKLZ^z^\ = log I (^,01 • 

We can also describe the metric g using inhomogeneous coordinates on P{T>), 
instead of using the symmetric tensor field g' on T. If we identify P{T>) lo¬ 
cally with the hypersurface z^ = 1 the associated inhomogeneous coordinates 
are z^, A = 1,... ,n. In terms of these coordinates. 


g= (l- vcDZ^z^) ^ (- (1 - gcDZ^z^) pab - Vacz^vbdz^) dz^dz^ . 


For later convenience we have taken 700 = 1) which will cover all cases 
relevant to us, and defined pab = —PAB- Thus pab has signature {£,k — 1). 
The tensor g is an e-Kahler metric on P{T)) with e-Kahler potential 

i? = log|l. (6) 
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It is straightforward to check that the e-Kahler metric g has constant e- 
holomorphic sectional curvature, that is the sectional curvature of a J- 
invariant plane does not depend on the chosen plane. We will recover this 
later using an alternative description of these spaces (with the exertion of 
in terms of open orbits of solvable Lie groups. It is knowru that e- 
Kahler spaces with constant e-holomorphic sectional curvature c are locally 
symmetric and locally uniquely determined by the value of the constant 
c. Next we discuss in more detail the spaces P{T)) as globally symmetric 
e-Kahler spaces, which we represent as coset spaces. 


2.1.3 Representation as symmetric spaces 

The space P(T) is the space of e-complex lines in an open subset V of the 
e-complex vector space We will now describe it as a symmetric space. 

Let G C GL(2n + 2, R) be the e-unitary group of that is the 

group of e-complex linear transformations which leave the scalar product 
(•, •) invariant. For e = —1 this is the (pseudo-)unitary group U{k,£), while 
for e = 1, G is the para-unitary group, which is isomorphic to GL{n + 1, R) 
[T]. More precisely, the representation of the para-unitary group on R^"'+^ 
is equivalent to the sum of the standard (n -|- l)-dimensional representation 
of GL{n + 1, R) and its dual. Since the group G acts transitively on R(T>) 
we can identify P{T)) with the corresponding homogeneous space 

P(2)) ~ G/H , 

where H is the stabiliser of an e-complex line. We notice that already 
the special (pseudo-) unit ary group SU{k,i), respectively the special para¬ 
unitary group SL{n + 1,R), acts transitively on P{T>). For notational con¬ 
venience we prefer to work with the full e-unitary group. Let us consider 
the possible cases in turn. 


1. For e = — 1 and rjjj = 6ij the Hermitian form is invariant under 
U{n + 1) and fjAB = —^ab ■ The stabiliser of a complex line in 
is 1/(1) X U{n). The resulting complex projective space is the 
symmetric space 

P{V) = CP" ~ U{n + 1)/(P(1) X U{n)) , 


and the corresponding Kahler metric is the Fubini-Study metric: 

r> 1 J A-B\ - {^+ScDZ^Z^)6aB-ZaZb^a^-B 

K = log (1 6abz z ) , g = -^---—— 2 - dz dz 

(1 -h ScDZ^Z^) 


where za = Sabz^ = z^. 


^This can be proven as in the case of (positive definite) Kahler manifolds of constant 
holomorphic sectional curvature, see [gSl Ch. IX, Thm. 7.9]. 
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2. For e = —1 and {'r]ij) = diag(l, —In); the Hermitian form is invariant 
under U{l,n) and fiAB = Sab- Complex lines are stabilised by U{1) x 
U (n). The resulting symmetric space is the complex hyperbolic space 

P(T) = CFT" ~ C/(l,n)/(C/(l) x U{n)) , 


which is the dual, in the sense of Riemannian symmetric spaces, of 
CP”. We remark that both spaces are real forms of GL{1 + n, C)/ 
(GP(1,C) X GL(n,C)). The Kahler metric g defined in the previous 
section is negative definite and coincides with the complex hyperbolic 
metric up to sign: 


K = log (1 - 5abz^z^) , g = 


(l - Scpz^z^) 5 ab + ZAZB 

(1 - ScDZ^Z^f 


dz^dz^, 


where = gABZ^ = z^. 


3. For e = —1 and {gij) = diag(lfc, —1^), the Hermitian form is invariant 
under U{k, i) and lines are stabilised by U (1) xU{k — l,i) and {fjAB) = 
diag(—If). The resulting symmetric spaces 

P(T) = ~ U{k,i)/{U{1) X U{k - 1,£)) , 


are indefinite signature versions of the Hermitian symmetric spaces 
CP” and CP^”. We remark that they are again real forms of GL{1 + 
n, C)/(GP(1, C) X GL{n, C)). The resulting pseudo-Kahler metric has 
complex signature {k — 1,£): 


K = log (1 - gABZ^z^) , g = 


since {^ab) has signature {£, k — 1), and where za = Vabz^■ 


4. We finally consider the para-complex case, e = 1. The stabiliser of a 
point of P(T) under the para-unitary group GL{n+l, IR) is GL{1, IR) x 
GL(n, IR). The resulting space 

P(T) = CP”~GP(n + l,lR)/GP(l,lR) xGL(n,Il) , 


is the para-complex analogue of any of the above spaces, which for 
convenience is referred to as para-complex hyperbolic space. The 
corresponding symmetric space is yet another real form of GL{n -|- 
1, C)/(GP(1, C) X GP(n, C)). The resulting para-Kahler metric has 
real signature (n, n) irrespective of the signature of (gij) = (1, —{gAB))'- 


P = log|l -gABZ^z^l 


g = - 


(1 - gcpz^z^) gAB + UZB ,_a,^b 

{l-gcDzC-zDy 


where za = gABZ^ ■ 
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2.1.4 Realisation as a solvable Lie group 

Recall that the Iwasawa subgroup L of a non-compact semi-simple group G 
is the maximal triangular (and, hence, solvable) Lie subgroup of G, which is 
unique up to conjugation. As a consequence of the Iwasawa decomposition it 
acts simply transitively on the corresponding Riemannian symmetric space 
of the non-compact type G/H, which is defined as the quotient of G by its 
maximal compact subgroup H, which is unique up to conjugation. Standard 
examples include hyperbolic spaces such as G/H = SU{l,n + 2)/S{U{l) x 
U{h + 2)). This allows us to identify G/H with L and to compute geometric 
quantities on G/H, such as the Levi-Civita connection and curvature, purely 
algebraically on the Lie algebra 1 of L. On pseudo-Riemannian symmetric 
spaces G/H the group L, in general, no longer acts transitively, but it may 
still act at least with open orbit such that we can still identify the symmetric 
space with L locally and perform computations on 1. This is indeed the case 
for all non-compact symmetric spaces of constant e-holomorphic sectional 
curvature considered in the previous subsection. In fact, in this section, 
we show explicitly that the Iwasawa subalgebra 1 C su(l,h -|- 2) can be 
equipped with a scalar product (•, •) and e-complex structure J, such that 
the metric on L obtained by left-invariant extension of the scalar product 
is e-Kahler and has constant e-holomorphic sectional curvature. Depending 
on our choice of scalar product, this provides a local description of 
(^H^k-l/) I 

= n + ?>, or GH'^'^^ in terms of a solvable Lie group 
equipped with a left-invariant e-Kahler metric. 

We start by reviewing the standard realisation of the Lie algebra 1 of the 
Iwasawa subgroup L C SU{l,h + 2). The (2n -|- 4)-dimensional Lie algebra 
[ admits the decomposition 


1 = K © IRZo © IRD , 

where V = is the abelian Lie algebra of dimension 2h + 2. The 

non-trivial commutators are 

[X,Y]=uj(X,Y)Zo, [D,X] = ^X, [D,Zo] = Zo, (7) 

where X,Y G K, and where a; is a non-degenerate symplectic form on V. 
Thus Zq extends V into the standard Heisenberg Lie algebra of dimension 
2h + 3 on which D acts as a derivation. We choose an w-skew-symmetric 
e-complex structure J on K which is extended to 1 by setting 

J D = — Zq , J Zq = — eD . 

On V this determines the (possibly indefinite) scalar product (•, •) = uj(J-, •) 
which we extend orthogonally to spanjZo, D} by 

(D, B) = 1 , {D, Zq) = 0 , {Zq, Zq) = —e . 
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This also determines the extension of the symplectic form to ihy u}{D, Zq) = 
1. Since the e-complex structure is skew-symmetric with respect to the scalar 
product, J G so(l, (•, •)), we can express it in terms of bivectors as 

J = DAZo + Jo pry , 


using the convention that 

iXAY){Z)=X{Y,Z)-Y{X,Z) , 

for X,Y, Z G [. Here pry denotes the projection onto V. 

By identification of I with the Lie algebra of left-invariant vector fields on 
the associated Lie group L, we obtain a left-invariant metric gL, e-complex 
structure J, and symplectic form uj on L. To compute the Levi-Civita 
connection V on L we use the Koszul formula: 

2{VxY,Z) = X{Y,Z)+Y{X,Z)-Z{X,Y) 

+ {[X,YIZ)-{X,[Y,Z])-{Y,[X,Z]) , (8) 

where X, Y, Z are vector fields on L. It is sufficient to evaluate for left- 
invariant vector fields, in which case the first three terms on the right hand 
side are zero. The remaining terms can be evaluated using the scalar product 
and commutator relations of 1. 

The result can be summarised as follows: 

V_D = 0 , 

Vzo = D AZo + ^J opiy , 

Vx = AX Y^ZoAJX , VX G H . 

Here Vx, with X G I, is interpreted as an endomorphism of 1. 

It is straightforward to verify that 

Vx(JX) = JXxY VX, y G I . 

Thus the e-complex structure is parallel, VJ = 0, and in particular inte- 
grable. We conclude that the metric on L is a left-invariant e-Kahler 
metric. 

The curvature of the connection V is computed by the formula 
i?(X,y) = [Vx,Vy]-V[x,Y] . 

R{X, Y) can be interpreted as a skew endomorphism of [, and thus be com¬ 
puted on [. When evaluating commutators of skew endomorphisms, the 
following formula is useful: 

[XAY,ZAW] = {XAW){Y,Z) + {YAZ){X,W)-{XAZ){Y,W)-{YAW){X,Z) . 
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It is straightforward to show that R{X,Y) takes the canonical form 
R{X, Y) = R{X, y)can = -^{XAY- eJX A JY + 2u{X, Y)J) , 

and one easily verifies that the e-holomorphic sectional curvature is —1: 

{R{X,JXU^JX,X) 

{X A JX,X A JX) 

For later applications is useful to introduce a Darboux basis (F*, 
off/: 

u{Y\X^) = Y^^[Y\Xj]=6iZo. 

The Gram matrix of the scalar product (•, •) on V with respect to this basis 
is given by 

= {x,,x,) = -Em,, 

where has signature {I — \,k — 1), (with k + (. = h + 2>, where dirnG = 
2n + 2) and where This determines the expression of J on G in 

this basis: 

JY^ = -fiXj , JXi = -efjijY^ . 

We can choose the Darboux basis such that if^ is diagonal with entries ±1. 

Now, to hnish this subsection, we would like to indicate which scalar 
products on V correspond to which of the symmetric spaces of constant 
e-holomorphic sectional curvature discussed in the previous subsection. At 
this point we anticipate some results which will be proven in Section [6l We 
will see in Section [6] that c-map spaces are fibre bundles over projective 
special e-Kahler manifolds, where the fibre is precisely the solvable Iwasawa 
group L of SI7(l,n + 2) equipped with a left-invariant e-Kahler metric which 
depends on the base point. (Here h is the complex dimension of the base 
manifold.) The c-map will provide coordinates on L, which easily allow one 
to find the associated e-Kahler potential. By comparing to the e-Kahler po¬ 
tentials listed in Section [2T3] we will then be able to identify the symmetric 
spaces that actually occur in the context of the c-map. For convenience we 
already summarise the result here: 

1. For e = — 1 and fjij = 6ij, we obtain the complex hyperbolic space 

equipped with the positive definite metric —g. 

2. For e = —1 and fjij a matrix of signature (i — l,k — 1) we obtain 

the indefinite complex hyperbolic space equipped with the 

metric —g of complex signature {i,k — 1). 

3. For e = 1 and any signature of fjij we obtain the para-complex hy¬ 
perbolic space equipped with the metric —g of real signature 

{h + 2,h + 2 ). 
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Note that when choosing e = — 1 and a positive definite scalar product on 
V, we do not obtain a metric on the compact space but a positive 

definite metric on its non-compact dual We will see in Section [6] 

why the compact space cannot arise in the context of the c-map. 

2.2 Special e-Kahler manifolds 

For later use we now review special e-Kahler manifolds, following the defi¬ 
nitions and theorems stated in [3]. 

Definition 1. An affine special e-Kdhler (ASeK) manifold (M, J, g,^) is 
an e-Kdhler manifold (M,g,J) endowed with a flat torsion-free eonneetion 
V sueh that 

1. V is sympleetie with respect to the e-Kdhler form, i.e. Kuj = 0. 

2. VJ is a symmetric (l,2)-tensor field, i.e. {VxJ)y = (VyJ)X for all 
X,Y. 

Every simply connected ASeK manifold admits a canonical realisation 
as an immersed Lagrangian submanifold of the e-complex sympleetie vector 
space such that the special geometry of M is induced by 

the immersion, where re -|- 1 is the e-complex dimension of M. From this 
one obtains the local characterisation of an ASeK manifold in terms of an 
e-holomorphic prepotential. For any given p £ M one can choose linear 
sympleetie coordinates 

{X^, Wj) = {x^ -b ieu^, yj + ievj) , /, J = 0,..., re, 

in such that the sympleetie form is given by dX^ A dWi and the 

functions X^ restrict to a system of local e-holomorphic coordinates near p, 
which we call speeial e-holomorphic coordinates. The Lagrangian submani¬ 
fold is then defined by equations of the form Wj = Fj{X) := where 

F{X) = P(A0,...,A^) is an e-holomorphic function, which is called the 
prepotential. The metric is given by 

g = Njj dXUx^ , Nij = -iflFjj - Fij) , (9) 

where P/j are the second derivatives of the prepotential P, and a Kahler 
potential is therefore 


K = -iflX^Fi - FiX^) . 


On M the 2re -|- 2 globally-dehned real functions 

(g“) = (x^, yj) , a = 0,..., 2re -b 1 , 
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form a local system of V-afRne coordinates about any point, which we call 
special real coordinates. Both special e-holomorphic and special real coordi¬ 
nates are useful when investigating ASeK geometry, although many of the 
new results in this paper will be presented in terms of the latter. The Kahler 
form and metric are given by the following globally-defined expressions 


uj = Vlab dq^ A dq^ = 2dx^ A dyj, 
g = Hah dq°- ® dq^ = Hat dq°-dq^, 



( 10 ) 


where H \s a globally-defined real function called the Hesse potential. 

The e-complex structure is determined by the metric and Kahler form 
according to ([3]) 

j = (11) 

and = eld ensures that 


Hab^^^Had = eA^ad ■ 


( 12 ) 


The matrix {Hah) is related to (T/j) by 



N -eRN-^R e2RN-^ \ 
e2N-^R -eAN-^ ) ’ 


(13) 


where 

The imaginary part of the e-holomorphic prepotential is related to the 
Hesse potential by a Legendre transform H{x,y) = —e{2lmF{X{x,y)) — 
2yju^{x,y)), which replaces the with yj as independent functions [66] . 


Definition 2. A conic affine special e-Kdhler (CASeK) manifold (M, J, g, V, ^) 
is an ASeK manifold {M, J, g,V) equipped with a vector field ^ such that 


y^ = Di = Id, 


where D is the Levi-Civita connection. 


The definition implies that L^g = 2g and Lj^g = 0, so that while ^ acts 
homothetically, Jf, acts isometrically. Moreover the vector field ^ and, hence, 
preserves J and the two vector fields generate an infinitesimal action 
of a two-dimensional abelian Lie algebra. The corresponding condition on 
the Hesse potential for an ASeK manifold to be conical is that it must 
be homogeneous of degree two, once we have restricted the special real 
coordinates such that ^ is the corresponding Euler field, ^ Such 
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special coordinates are called conical, and it is understood in the following 
that special coordinates are conical. 

As in [3] we will always assume that g{^, = 2H does not vanish on M, 

which will be used in ()14ll . In addition, we will assume for simplicity that 
M is simply connected and impose the following regularity assumption on 
CASeK manifolds in order to discuss projective special e-Kahler manifolds 
in a convenient way. We assume that the infinitesimal action generated by 
^ and is induced by a principal C*-action on M and that the Lagrangian 
immersion M —)• 0^”+^ is C*-equivariant. 

Consider the (0,2)-tensor field 

giCO giur ' ' 

on a regular CASeK manifold, which is C*-invariant and degenerate along 
the orbits of the C*-action. In terms of special e-complex coordinates h is 
given by 


gijdX^dX^ = 


Nij {NX)i{NX)j \ 
XNX ^ {XNXf ) 


dxUx-^ , 


(15) 


where {NX)i = NjjX-^ and XNX = NjjX^X'\ whilst in terms of special 
real coordinates it is given by 


hab dq^dq^ 




dq^dq^ 


(16) 


where 

(Ha) = = i-e2vi,e2u-^f. (17) 

The requirement that a CASeK manifold M is regular ensures that the 
projection vr : M ^ M onto the space of C*-orbits is the quotient map of 
a holomorphic principal bundle over an e-complex manifold, and that the 
(0,2)-tensor held h on M induces an e-Kahler metric g on M, such that 
7r*g = h. The e-Kahler manifold {M,J,g) is called a projective special e- 
Kabler (PSeK) manifold^ 

The following remark will be used later. 

Remark 3. Note in the case e = 1 that the action o/ = e G C* = C* 
induces an anti-isometry of the CASeK manifold that sends {M, J, g,X,(,) 
to (M, J, — 5 , V,.^) but preserves the C*-invariant tensor h. 

®In the case £ = 1 one may define instead a projective special para-Kahler manifold as 
the quotient M of M by the action of the connected group Cq which is related to M by 
the four-fold covering M ^ M, see [3]. 
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The relation between a CASeK manifold and the associated PSeK man¬ 
ifold is via an e-Kahler quotient and generalises the Fubini-Study-type con¬ 
structions of the previous section. In terms of special coordinates {X^) on 
M, the degenerate and C^-invariant (0, 2) tensor h has a potential of the 
form 

Kh = -\og\-ie{X^Fi-FiX^)\ , 

where gij = ™ expression (fT5|) for h. One can describe {M,g) 

using homogeneous special e-holomorphic coordinates {X^) and the tensor 
h. Alternatively, one can introduce, for X^ ^ 0, inhomogeneous special 
e-holomorphic coordinates where A = l,...,n, and define an 

associated prepotential 3'(z^, ■ ■ ■, z"^) by 

F(A°, ...,X^) = {X°f3^{z\ ...,z'^) . 

Then the e-Kahler metric g of M has the e-Kahler potential 

Kg = - log |yl , y = is (2(T- T) - {z^ - z^)i^A + ^a)) , (18) 

where Ta = We note that we can identify M locally with the subman¬ 
ifold {A° = 1} of M, in particular Kg agrees with the pull-back of to 
{X^ = 1} up to an e-Kahler transformation. 

The simplest class of examples is provided by models with a quadratic 
prepotential 

F = ^-^VIJX^X^ , 

where we take rjjj to be real and non-degenerate. The potential for the 
tensor h is 

K;, = -log|AVj^^l • 

Evaluating this on the hypersurface X^ = 1, taking r/oo = 1, and setting 
fjAB = —VAB, we obtain the following e-Kahler potential on M\ 

Kg = - log |1 - fiABZ^Z^l . 

This agrees, up to an overall sign, with the e-Kahler potentials for the met¬ 
rics on the spaces P{T)) of e-complex lines given in ([5]). 

2.3 e-quaternionic Kahler manifolds 

2.3.1 e-quaternionic structure on a vector space 

Recall that an e-quaternionic structure on a real vector space V (of di¬ 
mension 4n) is a Lie subalgebra Q C End(y) spanned by three pairwise 
anti-commuting endomorphisms Ji, J 2 ; <^3 that satisfy the e-quaternion al¬ 
gebra 

Ji^ = J 2 ^ = —eJs^ = e , J 1 J 2 = J 3 ■ 
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Such a triple (Ji, J 2 , <^ 3 ) is called a standard basis of Q. We call Q a quater- 
nionic structure if e = —1 and a para-quaternionic structure if e = 1. If 
V is endowed with a pseudo-Euclidean scalar product (•, •) then Q is called 
skew-symmetric if Q consists of skew-symmetric endomorphisms. This im¬ 
plies that the signature of (•, •) is of the form {4k, M), where n = k i, if 
e = —1 and (2n, 2n) if e = 1. An orthonormal frame of {V, (•, •), Q) is called 
an e-quaternionic frame if it is of the form 


(ci, . . . , Cn, J\e\, ■ ■ ■ , J\en, e/2ei, . . . , ^361, . . . , Js^'n) j (i-^) 


where (Ji, J 2 , J 3 ) is any standard basis of Q and 

(ei, ei) = • • • = (cfc, Ck) = 1 and {ek+i,ek+i) = ■ ■ ■ = {ck+i, Ck+i) = —1 • 

The Gram matrix of the basis (fTH]) dehnes a canonical scalar product (•, •)can 
on of signature (4/c,4£) if e = —1 or (2n, 2n) if e = 1. We will denote 
by Oe{4k,4:i) the pseudo-orthogonal group with respect to (•,-)can5 and by 
50i.{4k,4t} its Lie algebra. 

Let us denote by G S 0 e( 4 fc, 4£) the matrix which represents the 

endomorphism with respect to the basis ()19p . Then 

gcan _ span{J^“|a; = 1,2,3} , 

is a skew-symmetric e-quaternionic structure on (•, •)can)- The triple 

, is our standard model for a pseudo-Euclidean vector 

space endowed with a skew-symmetric e-quaternionic structure. We denote 
by the group generated by the Lie algebra sp£(l) := and by 

Spe{k,i) the centraliser of in Oe{4:k,4:i). The Lie algebra of that 

centraliser is a real form of the complex Lie algebra of type Cn- The inner 
product and e-quaternionic structure are preserved by the group 



Sp{l) • Sp{k,£) C SO{4k,4:i) if e = -1 

S'p(2,R) • Sp{2n,lRf C SO{2n,2n) if e = -|-1 . 


Notice that our notation is such that Sp{k,£), k-\-i = n, and S'p(2n, R) are 
real forms of the same complex Lie group Sp{2n, C). 

2.3.2 The H ® E formalism 

Let E = with standard basis Be = (£ 1 ,..., ^ 2 n)- On E one may de¬ 
fine an anti-linear complex structure Je and non-degenerate skew-symmetric 
bilinear form oje that satisfy the following formulae 


JE^A — Sa+h , 3A+n — £a , A — 1, . . . , 71 


n 


UJE= riAB^^ A £^+” , 


A,B=1 
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where = (£^,...,£^") is the basis of dual to Be and {r]AB) = 

diag(lfc, —If), with n = k + i. Complex conjugation is denoted by pE- The 
group Sp{k, t) preserves both je and ue, the group Sp{2n, R) preserves both 
Pe and uje, and the symplectic form satisfies the following reality condition: 
j’^uiE = (^e{= P*e^e)- 

Let H = denote a specific case of the above construction, where 
the standard basis is denoted by Bh = (/ii,/i 2 ), the anti-linear complex 
structure by jn, complex conjugation by pn and the bilinear form by ujh- 
Consider the 4n-dimensional complex vector space H with standard 
basis (/lyi 0 £/j)yi=i,2;/^=i,...,2n- On H 0 E we may define the following: 

(i) Two real structures jn ® Je and pn 0 Pe- 

(ii) A C-bilinear scalar product (•, = ujh < 8 ) oje- 

(iii) Three skew-symmetric endomorphisms Ji, J 2 , T 3 that satisfy the e- 
quaternion algebra and act according to 

r„(h^ ® EO = (® £*•, J« = (20) 

^Tq, it 6 — “rt, 


where cTq are the Pauli matrices 



One may use the above data to construct an example of an e-quaternionic 
Hermitian vector space {V, •), Q) of real dimension 4n given by 


V = {H®E)P , 


P = 


Jh < 8 ) Je 
PH ® Pe 


if e = —1 
if e = +l , 





Q = spanjJi, J 2 , J 3 } 


( 21 ) 


Since all e-quaternionic Hermitian vector spaces of a given dimension are 
isomorphic we may state the following proposition: 


Proposition 1. Let (V, {-,■), Q) be an e-quaternionic Hermitian vector 
space of real dimension An. Then we can identify V'^ = H E such that 
the properties (dl]) are satisfied. 
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Indeed, a standard co-frame of H* 0 E* may be matched with an e- 
quaternionic co-frame of V* through the expressions 

® = 

+ iJ^e^ ... e^ + iJ^e^ + iJ^e^ 

-y/2 —J^e^+iJiC^ ... — J|e"-|-i JJ'e" — iJ^e^ 

if e = — 1 and 

= 

_J_ f e^ + ... e^ + -J^e^ + ... -J^e^ + \ 

V -^3^^ + ^2^^ ■ ■ ■ - Jf... e" - Jf ) 

if e = -1-1. 

2.3.3 e-quaternionic structure on the tangent bundle 

The above notions can be easily transferred to vector bundles. For instance, 
a (fibre-wise) e-quaternionic structure in a vector bundle i? —)• M is a sub¬ 
bundle Q C End(£') such that Qp C End(£'p) is an e-quaternionic structure 
on Ep for all p G M. One may introduce pairwise anti-commuting local 
sections Ji,J 2 ,J 3 of Q defined over an open subset U G M satisfying the 
e-quaternion algebra, such that Qp = span{( Jq)p| 0 = 1,2,3} for all p & U. 
A hbre-wise e-quaternionic structure on the vector bundle TM is called an 
almost e-quaternionic structure on M. An almost e-quaternionic structure 
Q on M is called an e-quaternionic structure if it is parallel with respect to a 
torsion-free connection, which can be characterised by the property that the 
covariant derivative of any section of Q in the direction of any vector field 
is again a section of Q. If M is endowed with a pseudo-Riemannian metric 
then an almost e-quaternionic structure on M is called Hermitian if it con¬ 
sists of skew-symmetric endomorphisms. A pseudo-Riemannian manifold of 
real dimension 4n > 4 with almost e-quaternionic Hermitian structure Q is 
called e-quaternionic Kdhler if Q is parallel with respect to the Levi-Civita 
connection. 

On a pseudo-Riemannian manifold (M, g) with almost e-quaternionic 
Hermitian structure we may use Proposition [1] to make the local identihca- 
tion TM'^ = H E, where H and E are (at least locally dehned) complex 
vector bundles of dimension 2 and 2n respectively, such that the metric and 
e-quaternionic structure satisfy m- We call a local complex co-frame of 
the form = {h'^ (S> £^) an e-quaternionic vielbein. The metric takes 

the form g = (8) IX®*^ and on T*M an e-quaternionic vielbein is 

subject to the reality condition 

^ ife = -l 

IIX-^^ if e = -|-1 , 


J|e" + iJ(e^ 
e^ - iJ^e^ 
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where 



Recall that rj = {ijab) = diag(lA;, —1^), k+i = n. An e-quaternionic vielbein 
may be identified with an e-quaternionic co-frame through the expressions 
given below Proposition [TJ 

On a manifold with almost e-quaternion structure we call an adapted con¬ 
nection a connection on TM for which the almost e-quaternionic structure is 
parallel. It is well-known from the theory of G-structures that, with respect 
to a frame of the G-structure, the connection one-form of an adapted connec¬ 
tion takes values in the Lie algebra g. An almost e-quaternionic Hermitian 
structure corresponds to a G-structure with Lie group G = • Sps{k, t) 

and therefore the connection one-form of an adapted connection takes val¬ 
ues in spg(l) (B5p^{k,i). Since this is a subalgebra of 50e{^k,M) an adapted 
connection is automatically metric compatible. In an e-quaternionic vielbein 
basis the connection one-form H of an adapted connection takes the form 


n = p® l2n + I 2 ® 


q t \ 
—s —pq^^rj J ’ 


where p is a 2 x 2 matrix satisfying 


p G 


sp(l) Tr(p)=0, p^-\-p = 0 

sp(2,lR) Tr(p) = 0,p = p 


if e = — 1 
if £ = -\-l , 


and q,s,t are n x n matrices satisfying 


( 22 ) 


( " ‘t 

y —s —pq rj 

5p{k,(.) t = -qt^Tj, s = i,q^q + qq = t) ife = —1 

sp(2n, IR) t = qt^q = t, s = qs^q = s , q = q ife = -|-l. 



The coefficients of the torsion tensor are given by 

A 


Notice that the connection matrix has the following structure, see 


where (12^) G sp£(l) and (12^) G 5p^{k,£). If the torsion vanishes then the 
adapted connection coincides with the Levi-Civita connection and the man¬ 
ifold is e-quaternionic Kahler. Alternatively, if the Levi-Civita connection 
one-form takes values in spg(I) 0spg(/c, when written in an e-quaternionic 
vielbein basis then the manifold is e-quaternionic Kahler. 
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3 Dimensional reduction of four-dimensional vec¬ 
tor multiplets 

3.1 Four-dimensional vector multiplets 

Our starting point is the bosonic part of the Lagrangian for n = riy'^ = 2 
vector multiplets coupled to supergravity, as given by (7.9) of [3]: 

. (23) 

In the following we will explain each term appearing in this expression. R 4 
and 64 are the four-dimensional Ricci scalar and vielbein, and ... are 
four-dimensional space-time indices. We employ a notation which applies 
to standard (Lorentzian) and Euclidean supergravity simultaneously. The 
main difference between Euclidean and standard vector multiplets is that the 
complex structure of the scalar manifold M is replaced by a para-complex 
structure mm, and thus we use the e-complex notation introduced pre¬ 
viously. Erom now on the parameter ei distinguishes between Lorentzian 
space-time (ei = — 1) and Euclidean space-time (ei = 1). 

The ei-complex scalar fields are local coordinates of a PSeiK mani¬ 
fold M with metric g = gABdz^dz^, where gAB is the ei-Kahler metric with 
ei-Kahler potential Kg given in (I18p . Eor ei = — 1 this is the well known pro¬ 
jective special Kahler geometry of vector multiplets in the ‘new conventions’ 
of [67], while for ei = 1 this is the projective special para-Kahler geometry 
of Euclidean vector multiplets which was defined in [3|. The scalar metric 
g has positive signature ( 2 n, 0 ) for ei = —1 and split-signature (n, n) for 
ei = 1. 

The original construction of the vector multiplet Lagrangian in Lorentzian 
signature was performed using the superconformal calculus | 6 | . This employs 
an auxiliary theory of n-|-l rigid superconformal vector multiplets with com¬ 
plex scalars , I = 0,... ,n, which are local coordinates of a CASK man¬ 
ifold M. After gauging the superconformal transformations the theory be¬ 
comes gauge equivalent to a theory of n vector multiplets coupled to Poincare 
supergravity. This construction is reviewed in m- The scalar metric g is 
obtained from the scalar metric g = NjjdX^dX"^ of the scalar manifold 
M of the associated superconformal theory by gauge fixing the local sym¬ 
metry group C* ~ IR^'^ X U{1), where are dilatations, while the chiral 
U (1) transformations are part of the R-symmetry group U{1) x SU{2) of the 
K = 2 supersymmetry algebra. In [3| it was shown how this procedure can 
be adapted to Euclidean vector multiplets, where the scalar manifold M is a 
conical affine special para-Kahler manifold, and where the symmetry group 
is IR^'^ X 50(1,1) C C* = IR^'^ X 0(1,1) [T]. While in this paper we find 
it convenient to define projective special para-Kahler manifolds by dividing 
out the full group C*, only the subgroup 50(1,1) C 0(1,1) is part of the R- 


30 


symmetry group 50(1,1) x 50(2) of the Euclidean supersymmetry algebra. 
Consequently only the group x 50(1,1) is a symmetry of the super- 
conformal Lagrangian. But as explained previously, dividing out the group 
IR^*^ X 50(1,1) leads to the same scalar manifold M, provided that we re¬ 
strict to the subset on which the function —i^^{X^Fj — FiX^) = —NjjX^X'^ 
is positive. We remark that 50(1,1) ~ OL(l, R) is the para-unitary group 
0,^(1), ei = 1. 

The relations between the superconformal theories and the supergrav¬ 
ity theories are given by ei-complex versions of the standard formulae of 
special Kahler geometry, which were presented in Section 12.21 It is possi¬ 
ble to rewrite the scalar term using ei-complex scalar fields which are local 
coordinates of the associated CASeiK manifold M: 


gABdp^z^dH^ = gijd^X^dn^ 


(24) 


where the D-gauge 

-U,{X^Fi-FiX^) = l 

has been imposed. Here gij are the coefficients of the pullback h = 'K*g 
of the PSeiK metric g to M, which are given by (|15l) . The D-gauge re¬ 
stricts the scalars X^ to a real hypersurface 5 C M, and since the right 
hand side is in addition invariant under local 17ei(l) transformations, the 
n -|- 1 ei-complex fields X^ represent as many physical degrees of freedom 
as the fields While it is possible to gauge-fix the residual local C/(l)ei 
symmetry too, we prefer not to do so at this point, because this allows 
us to keep all expressions manifestly covariant under symplectic transfor¬ 
mations. The field equations of !N = 2 supergravity are invariant under 
electric-magnetic duality transformations, which act by Sp{2n + 2, R) trans- 
formationso Under these transformations {X^, transforms as a vector, 
while the transformation of = X^/X^ is non-linear. 

The remaining two terms in (12311 involve the abelian field strengths U/- 
and their Hodge-duals F^~. As with the scalar term, the couplings 3jj and 
Xjj can be expressed in terms of the prepotential F{X^,..., X"'). The 
relevant formula is 

= 3!„ + = F„{J) - . 

where we defined z^ = 1, and where Njj are the coefficients of the metric g 
on the CASeiK manifold M, which are given by Q. We use a short-hand 
notation where {Nz)j := Njjz"^ and zNz := z^Nijz"^. 

The negative imaginary part —J/j of the vector coupling matrix Af/j 
determines the kinetic terms for the vector fields. Therefore it must be 
positive definite in Lorentzian space-time signature. It is known that by 

®We refer to [BS] for a review of symplectic transformations for (N = 2 vector multiplets. 
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choosing g = NjjdX^dX'^ to have signature ( 2 n, 2 ), the scalar couplings 
qab and vector couplings —J/j are positive definite. We remark that both 
—'ijjdX^dX^ and g = NjjdX^dX'^ can be viewed as metrics on the scalar 
manifold M, and are related to one another by a simple geometric operation 
which flips the signature along a complex one-dimensional subspace |45j . 

In the Euclidean case the metric —'JijdX^dX'^ always has split-signature, 
irrespective of the signature of the real matrix —J/j. If the Euclidean the¬ 
ory has been obtained by dimensional reduction of a five-dimensional theory 
with respect to time, then the matrix — J/j has Lorentz signature (n, 1), with 
the negative definite direction corresponding to the Kaluza-Klein vector. 
The metrics g and g are para-Kahler and have split-signature (n -|- 1, n -|- 1) 
and (n, n), respectively. 

Electric magnetic duality acts on the gauge fields through the linear 
action of Sp{2n -|- 2 , R) on the vector [F^^, XjjFF)'^. 

3.2 Reduction to three dimensions 

We now carry out the reduction of the four-dimensional vector multiplet 
Lagrangian (I23p to three dimensions. This type of calculation is standard, 
so we will not give many details, though we need to specify our notation 
and conventions. If we start with Lorentzian signature (ei = —1) in four- 
dimensions we have the option to either reduce over space, or over time, 
which will be distinguished by a new parameter € 2 , where 62 = —1 for 
spacelike reduction and 62 = 1 for timelike reduction. If we start with a 
Euclidean theory (ei = 1), then we can only reduce over space, so €2 = —1. 
All three cases will be treated simultaneously up to a certain point. 

The reduction is performed along the lines of [38], with the following 
modifications: (i) we now include the reduction of four-dimensional Eu¬ 
clidean theories, (ii) some fields have been renamed, (hi) the definition of 
the Riemann tensor has been changed by an overall sign. For complete¬ 
ness, we briefly review the relation between the four-dimensional and three- 
dimensional quantities. Four-dimensional indices ft,!),... are split into three- 
dimensional indices /i, z^,... and the index y, which refers to the dimension 
we reduce over. We decompose the four-dimensional metric 

dsl = -e 2 F^{dy + V^dx^)"^ + g ^udx^ dx'" 

into a three-dimensional metric 5 ^ 1 /, the Kaluza-Klein vector and the 
Kaluza-Klein scalar <j). The four-dimensional vector fields have been decom¬ 
posed into a scalar part = Ay and a vector part with the 

second term restoring manifest gauge invariance. The three-dimensional 
field strengths and F^^ have then been dualised into scalars (p and (j, 
see [IHI for details. Instead of the four-dimensional scalars we are using 
the corresponding superconformal scalars X^ and the degenerate tensor gjj. 
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The resulting three-dimensional Lagrangian is 


d^~4> + \ 


+eie 


-2(j) 







(d^Ci - ^iKdf^C^ 


(25) 


- Cid^C^ 


For ei = 62 = — 1 this agrees, up to conventional choices, with [25], and 
for 61 = —62 = —1 this agrees, up to the above mentioned changes in 
conventions, with [48] . 

As explained in [38|, one can absorb the Kaluza-Klein scalar cj) into the 
scalar fields X^ by the field redefinition These fields are now 

related to the Kaluza-Klein scalar cf) by the D-gauge condition 


Fi - FiY^) . 


So (j) will be now considered as a function of the independent variables Y^. 
Geometrically, we interpret 0 as a coordinate along the orbit of the homo- 
thetic action of IR^*^ on M. Using homogeneity, we can rewrite the scalar 
terms as follows: 


gij{X)df,X^d>^X-^\j^ + = gij{Y)d^Y^d^^Y^ + 


</,=<!>(¥) 


Note that while both expressions take the same form, on the left hand side 
the fields X^ are subject to the D-gauge, while cj) is an independent field. 
In contrast on the right hand side cj) is considered to be a dependent field, 
which can be expressed in terms of the Y^. Since both sides of the equation 
are invariant under local Ue^(l) transformations, both sets of fields represent 
the same 2 n -|- 1 independent physical real degrees of freedom. 

Now we interpret the Y^ as 6 i-holomorphic special coordinates on M. 
We can therefore rewrite the theory in terms of the associated special real 
coordinates defined by decomposing 


Y^ = + u\x,y) , Fi = yi+ vi{x,y) , 


and setting (g“) = {x^,yi)'^. Note that in this parametrisation the Kaluza- 
Klein scalar is expressed in terms of by 

= -i,, {Y^Fj - FiY^) = -2H, (26) 


where we recall that H denotes the Hesse potential. We also define = 
and remark that both q°' and q°' are symplectic vectors while 
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the dualised Kaluza-Klein vector </> is a symplectic scalar. As explained in 
detail in [l8], the Lagrangian (|25p can be written in terms of the 4n + 5 
fields with all couplings expressed using the Hesse potential H, 

the tensor field 


Hab = 


52 


dq^dq° 


--log(-2i7) 


1 1 

=- ^ah 

2H 2H^ 


and the constant matrix Qab representing the symplectic form (IlOp : 


= (27) 

- Hab (df.q^d^q’^ - 628 ^ 4 ^ 8 ^ 4 ''^ 

+ei^ 

-eie 2 ^ {q°'^ab8ij.4^'j (q°'i^ab8^4'') 

+ei^[8 ^^ + 24^nab8^4^) . 

Since all local degrees of freedom have been converted into scalars, the La¬ 
grangian (I27p is a non-linear sigma model coupled to gravity. The 4n -|- 5 real 
scalar fields ( 5 “, 4>) are local coordinates of its target space P. Due to the 

local De^(l) symmetry, there are only 4n -|- 4 physical degrees of freedom, 
and the symmetric tensor field on P defined by the Lagrangian is invariant 
and degenerate along the orbits of the 17e^(l)-action. By gauge-fixing this 
symmetry we can obtain a sigma model with a (4n -|- 4)-dimensional target 
manifold N, equipped with a non-degenerate metric. Since acts on 

the symplectic vector while 4 °“ a-nd (j) are invariant, such a gauge fixing 
will break the manifest symplectic invariance of the sigma model with target 
P. Therefore it is advantageous to describe N in terms of the larger space 
P. 

In the following sections we will show that P is a principal (l)-bundle 
over N, and that the degenerate symmetric tensor on P defined by the 
Lagrangian (|27p projects down to an e-quaternionic Kahler metric on N. 
For ei = £2 = — 1 we recover the result of [25], in which it was shown that N 
is quaternionic Kahler. For ei = 1, 62 = — 1 and ei = — 1, £2 = 1, we prove 
that the manifold N is para-quaternionic Kahler. 


4 Global construction of the c-map 

4.1 Geometric data on a conic affine special e-Kahler mani¬ 
fold 

The starting point for our construction of the c-map will be a regular, simply 
connected CASeK manifold M, see Section The purpose of this section 
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is to introduce a global orthogonal co-frame on M and to express certain 
geometrical data in terms of this co-frame. We are specifically interested in 
the cubic tensor C = Vg, the difference tensor S' = I? — V, and the pull¬ 
back of the Levi-Civita connection one-form on the corresponding PSeK 
manifold a = 7r*a. The necessary expressions are given by (IMD, (IMD and 
m respectively. 

Let {M,J,g,'V,^) be a regular, simply connected CASeK manifold of 
dimension 2n -|- 2, which in the case e = —1 has signature {2k, 2i + 2), 
k + (. = n. Recall that M is a principal C*-bundle over a PSeK manifold 
(M, J,g) of dimension 2n, with fundamental vector fields 




d 

dq^ 




1 Tj C)ba 

2 6 “ “ 


d 

dq°- 


For the case e = — 1 the signature of M is {2k, 2t). The tangent space 
at any point p & M decomposes into horizontal and vertical parts TpM = 
Rp © spanj^p, J^p}, where the horizontal space IKp is defined as the or¬ 
thogonal complement of the vertical space of vr : M —M and we identify 
"Kp ~ by the projection. Recall that there exists a global V-affine 

symplectic frame on M given by 23 = ..., gqin+i ^; which is unique 

up to Sp{2n + 2, IR) transformations. Recall also that the projective special 
e-Kahler metric on M is induced by the degenerate tensor h defined in equa¬ 
tion (I14p . Therefore the horizontal lift of an orthonormal frame defined over 
an open subset U <Z M yields an h-orthonormal frame 23^ = (ei,..., e 2 n) of 
2h, dehned over 'k~^{U), such that 


where 


{'Hnip) 


h{(^m.,ep) = r]mp, m,p = l,...,2n , 


d 0 \ 

0 -ed y ’ 


d 


diag(lA:,-l£) , £ = -l 
diag(l„) , £ = +1 . 


(28) 


Moreover, by choosing the orthonormal frame on U G M adapted to the 
e-complex structure we can further assume that 


J — £A+n 1 J{^A+n) — ^^A ; A — 1, . . . , 7T. . 


In such a frame the e-complex structure J(ep) = J^pCm is represented by 
the constant matrix 

<©) = ( S "o ) ■ 

Such a choice of frame is not unique, with any two choices differing by a 
gauge transformation with values in 


Ue{k,i) c SOe{2k,2£) 


SO{2k,2£) , e = -l 

SO{n,n) , e =+1 , n = k + £. 
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We consider the frame 23'* = (e^,..., of “K* = span{,f, C T*M 
dual to 23'; that is e^{ep) = 5^. (Here the superscript 0 refers to the 
annihilator.) Note that the ( 0 , 2)-tensor h takes the form h = rjmpe'^ ® 
Similarly, on span{.^, J^}* = one may introduce the frame (n, v) given 
by 

u = -^dH , V = eJ*u = -^q'^^abdq'' , ( 30 ) 

which is dual to {C, J^)- 

Consider the orthogonal projection ip : TM —)■ IK. Using the frame 23 of 
TM and the local frame 23' of IK this projection is represented by the matrix 

One may also consider the corresponding dual map ip* : IK* —)■ T*M, which 
with the above identifications is simply the inclusion map. Using the dual 
basis 23* = {dq^, ..., of T*M and 23'* of IK* this map is represented 

by the transposed matrix 

in other words 

= y^^dq^ . ( 31 ) 

It is useful to consider also the inclusion map i : “K ^ TM, which is 
characterised by 

ipoi = Idjc, ip^ o i = ^, (32) 

where ip'^ : TM ^ fK-*- = span{^, J^} is the orthogonal projection onto IK"*". 

Lemma 1. The matrix M-s'^-^(t) representing the inclusion t : IK —)■ TM 
is given by 

T = (T“^)ro!:::;2n+i, (33) 


lUe have the equation 

e =7- — 

■> rriQ^a ’ 

and the matrix IP* has the following properties: 


(34) 


(i) = 0 . 

(a) ^mp(lPa™'lP/) = hab = + -^^HaHb - S^^acq'^^bUq'^ ■ 

(Hi) T/ = ri^P . 

(zv) = J*p- = , 


36 



where is the eonstant matrix (l2^ representing the tensor J\-}i :'K ^ 

'K in the frame (cm)- 

Proof: Part (i) follows immediately from the fact that ker = span{^, Jf}. 
For part (ii) one may use the fact that 

h = (f*h = rimp ® dq’’ , 

and therefore rimpi'^a^'^b^) — cf. (fThl) . For part (ill) we note that --^9 
and h coincide when restricted to dC 

• 

Since this is non-degenerate on IK we can invert this formula 

-2Hg~^o{(p*,ip*) = -2Hg~^\^, = -2H{g\'yi)~^ = ■ 

Plugging in (e”*,e^) gives expression (iii). Using (iii) one can easily check 
that 7 satisfies the equation 


T m rra cm 

d'^ p * 

Using (i) one can also check that the vectors are perpendicular to 

f and Jf. In view of the characterisation (I82p . this proves that the matrix 
T represents the inclusion map t : IK —)• TM. The latter property implies 

dMD- 

For part (iv) we note that ip* o J* = J* o ip* : Ji* T*M. Acting on e™ 
this gives 

r^^eP = . (35) 

Plugging Cn into this expression and using (f33]l and m gives the 

desired result. □ 

Let us now turn our attention to the cubic tensor 0 = ^9 = Habcdq°‘ ® 
dq^ (S> dq^, where Habc are the triple derivatives of the Hesse potential. The 
cubic tensor is related to the difference tensor 

S = D-V = IJVJ , 

by the formula 

C{X,Y,Z) = 2g{SxY,Z), (36) 

which is immediately obtained from g = Differentiating the equa¬ 

tion g{JX, JY) = eg{X,Y) with respect to V and using the equation (1551) 
one can prove that 

U(-,J-,J-)=eC(-,-,-). (37) 

The cubic tensor is degenerate with kernel containing span{^, Jf} but not 

C*-invariant, and therefore not well-defined on M. In the above local frame 
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of fK* C T*M we may write C = Cmpq e”^ 0 (8> e'^, where the components 

are symmetric and satisfy 

2n-\-l 

Cmpq= 7"m‘^'p7%Habc. (38) 

a,6,c=0 


Due to (f36|) the components of the difference tensor S = Cm® ® 
are given by 

qm _ ^ „mrr^ 

pq— '^rpq , 

and the one-forms X i->- S^p{X) = e^{Sxep) by 

2n 2n 2n-\-l 

S™, = = 53 53 . (39) 

q=l q=l a,b=0 


It follows from (1371) that 

(5^b) = d{S\fd , S\ = , 

(5^+-^) = d(5^+%)'^d , 5^+-^ = . (40) 


We end this section by computing the pull-back to M of the Levi-Civita 
connection one-form on the corresponding PSeK manifold M. 

Lemma 2. Let a G Ll^{M,50c{k, £)) denote the pull-back of the Levi-Civita 
connection one-form a on M. The components of a in the above local frame 
of TC* G T*M are given by 

a^p = -V J^p + H dfP,'') r^qp , (41) 

where the one-form v was defined in (E3). 

Proof. The Levi-Civita connection one-form ct on M is uniquely determined 
by the requirement that it is metric compatible and torsion-free. In terms 
of the pull-back a the metric compatibility condition implies that 




D^(M,so(2fc,2£)) , e = -l 
D^(M,so(n, n)) , e =-|-1 


^ ^mp ^ = _^pm 


(42) 

which is easily seen to be satisfied by m- The torsion-free condition implies 
that 

de^ + a%AeP = 0, (43) 
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which we will now show is satisfied by (SB). Using Lemma [T] (hi) and (iv) 
we have 


a 


m 

P 


AeP = 


-idqnq) A - ^dH A e"* 

+ A e'^ + A e'^ . 

'-V-' '-V-' 

(*) S"*pAeP =0 


To calculate the last term we have used (|d^ and (l8dl) . It vanishes in virtue 
of the symmetry of S. Calculating (*) individually using (fT^ . (f3T]l and 
Lemma [T] (Uii) we find 


* = 




Hbc HbHc _ Qbdq‘^^ceq‘' 
' 2H ^ AH^ ^ iL2 


dq^ 


= A dq^ + -^d^J^q^ A dH - e^dVH^^nbcq'' A {dq^q) 

2H H 

= -de" + ^dH Ae^ + (dqnq) A , 

2ii 


and therefore expression (|43p is satisfied. 

By Proposition [3] of Section [5] the solution to (1421) and (S3]) is unique, 
and, moreover, it is precisely the pull-back of the Levi-Civita connection 
one-form on M. □ 


For an e-Kahler manifold the Levi-Civita one-form satisfies J*oa = aoj. 
It follows that 


(tr^) = -d(rj-'A^d , 


^ B 




B+n 


a 


A+n 


B 


= ea 


A 

B+n ■ 


(44) 


4.2 The c-map for various spacetime signatures 

In this section we will construct the c-map target manifold (iV, ( 7 ^, Qf^)- We 
will present this construction for the spatial, temporal and Euclidean c-maps 
in a unified way using the (ei,e 2 )-notation introduced previously. We will 
begin with the topological data on IV, before moving on to the metric 
and e-quaternionic structure Qfq. 

Consider a regular, simply connected CASeiK manifold M of dimension 
2n + 2. Given M one may construct the (4n -|- 5)-dimensional manifold 
P = TAI X R, that is the product of the tangent bundle of M with the real 
line. On P we have 4n-|-5 global real functions (g“, q^, cj)) which are defined as 
follows. We start with the globally-defined functions {q°‘) on M, introduced 
before, which restrict to special real coordinates in a neighbourhood U of 
any point of M. The function q’^ on TM is defined by the property that 
it takes the value on the vector As we have natural projections 
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p 

4n+5 


M < - TM ^ 

2n+2 4n+4 



c-map 

M I--)■ 

2n 


UePl) 

N 

4nH-4 


Figure 1: The global construction of the c-map target manifold. 

P ^ TM and TM ^ M, the functions can be considered as functions 

on P. Finally (j) is the coordinate on the R-factor. Notice that the functions 
{q°‘,q^,(j>) restrict to a local coordinate system in a neighbourhood of any 
point of P, in fact, they give coordinates on the open set pr~^{U) x IR C P. 

The principal C*j-action on M may be lifted to a principal C*^-action 
on P in the following way. Using the global frame {-^) we can identify 
the vector bundle TM with the trivial bnndle M x and extend the 

principal C*-action on M trivially to a principal C*-action on TM and 
P = TAf X R. The actions and of an element A E C* on M and P 
are related by 

= ( 45 ) 

On P one may consider the principal action of the subgroup Pei(l) C 
In this way, one may interpret P as a principal (1) bundle over a manifold 
N. Let Zp be the vector field generating the infinitesimal Pe^(l)-action on 
P. This is precisely the horizontal lift of the vector field on M, and is 
given by 

Zp = A, 

2 “ dqb 

We define the c-map target manifold as the orbit space 

iV = P/P,,(l), 

which by construction has dimension 4n-|-4. This information is summarised 
in Figure [TJ Notice that in the case ei = 1 the manifold N has at least two 
connected components distinguished by the sign of the Hesse potential H. 

The non-linear sigma model of the dimensionally reduced Lagrangian 
(j27p defines on P the symmetric bilinear form 

g' = Hab {dq^ ® dq’’ - 62 (g) dq’’^ 

- ei ^ (q'^^abdq’'^ ® (q^^flabdq''^ + eie2 ^ {q^^Q.abdq'"^ ® {q^-rtabdq^ 

- ei + 2q°'TLabdq^^ ® (d(j) + 2q^Qabdq’'^ , (46) 
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where ei and €2 are determined by the different c-maps according to the rule 
(|^ and where H ^ 0 is now allowed to change sign and the PSeiK metric is 
allowed to be indefinite. The bilinear form g' has a one-dimensional kernel 
IRZp and is invariant under the 17e^(l)-action on P. It may therefore be 
pushed-down to give a well-defined metric gfj on N. This procedure makes 
sense even in the case ei = 62 = 1, which we have not given a physical 
interpretation so far. As the next proposition shows, this case gives a metric 
equivalent to the one in the case ei = —62 = 1 . 

Proposition 2. For the case ei = 1 the pull-back of g' under the action 
of e G C* is given by 

(Fe)* (ff1(,i,c2) = (l,l)) = ff1(,i,e2) = (l -1) ■ 

Proof: The pull-back of the functions q^, (f>) are given by 

= eiJV , (FeTr = r , ^, 

cf. (j45p . In fact, the first term is computed as follows using (|17p : 

w 

where are the components of the para-complex structure on M, pulled- 
back to P. Notice that from this calculation we also obtain 

= -el2^!,bg^ 

Using these formulae together with the identities = —H and 

{ipf)*Hab = Hab, which follow from the fact that e acts anti-isometrically 
on the metric g of M, the result is easy to check. □ 

Recall that the manifold {N,gff) is obtained by taking the quotient of 
P with respect to the action of Ue^(l) C In the case ei = 1 the action 
of e ^ on P induces an involution on N which interchanges the 

connected components of N. This Z 2 -action does not preserve the metric 
g^, but maps (iV,_i)) to (N, and therefore both 

manifolds are globally isometric. For this reason one may take either 62 = 
— 1 or €2 = -|-1 for the Euclidean c-map at the expense of working with 
a manifold N which is not connected but naturally contains both possible 
choices. 
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4.2.1 A co-frame of P adapted to the pull back of the c-map 
metric 

On a local patch of P it is convenient to introduce the following 4n + 4 
linearly independent one-forms: 


= T^^dq^ , 

e”* = T^^dq^ , 



’ 


+ 2fVLabdq^^ , 

= -^q'^TLabdq^. 

(47) 

We will refer to the collection L* = 

(e™, e", vf ,v?)m,n=i,. 

..,2n ns a 


local partial co-frame on P. Note that Zp = spanL*. The globally-defined 
one-forms , u'^, , u'^ G L* are independent of the choice of the functions 

and therefore uniquely defined. The one-forms e”*, e”’ G L* are unique up 
to Ut^{k,£) C SOei{2k,2i) gauge transformations, which act according to 

^ , e™ ^ , {Aff) G U,, {k, 1) . (48) 


The bilinear form is written in terms of the partial co-frame L* as 


9 = rjmpS^ ® -I- ® (g) — 62 


Vmpe^ + u^ — eiu^ ® v? 


where (rjmp) is given by (I28p . Consider the globally-defined one-form 


(49) 


V = - — q'^^abdq ■ 


(50) 


This satisfies v{Zp) = 1 and is invariant with respect to the (l)-action 
on P. Therefore it may be interpreted as a connection on the principal 
(l)-bundle P —)• iV. We extend the partial local co-frame L* to a local 
co-frame {L*,v) on P. 

It is important to note that although g' is invariant under the [/^^(l)- 
action this is not necessarily true for the individual one-forms in L*. In fact, 
only are invariant under the action of with the remaining 

one-forms transforming according to 


Lzpi^ =, LzpU^=eiu^, LzpU^=u^- 


The following lemma can be directly calculated using the results of Sec¬ 
tion |TTJ It will be used later to extract the Levi-Civita connection one-form 
on (iV,c?jv). 

Lemma 3. The exterior derivatives of the one-forms in the co-frame 


42 




{L*,v) are given by 
de^ = A eP , 

dv} = 0 , 

du^ = 2u^ A + 2u^ Au^ + 2dABe^~^'^ A e^ , 

de^ = e^ Au^ + e'^ Au^ + u^ A J^e^ - (a% + vJ^p) A e^ + S^p A &> , 
dv} = Au^ — eiu^ Av + d^se^ A e^ — eidAB^^^^ A e®’*'"' , 
dii^ = Au^ + v Au^ + dAB^^^^ A e^ + dABe^~^"' A e^ , 
dv = 2dABe^^"' A e® . (51) 

Be careful to note the index convention A = l,...,n and m,p = 
l,...,2n. The matrix-valued one-forms S and a were defined on M in 
the previous subsection and are pulled-back to P in the above expressions. 
The constant matrices J and d were also defined in the previous subsection. 
The appearance of v in the expressions for deP, dv}, dv} is due to the fact 
that they are not invariant under the flow of Zp. 


4.2.2 The e-quaternionic structure 


We now turn our attention to the e-quaternionic structure. Using the con¬ 
nection V we may decompose the tangent space into TP = RZp -|- kern 
and the dual tangent space into T*P = Ru -|- Zp. The vector space keru is 
dual to Zp, which we recall is spanned by L*. There exists a unique basis 
L = {em,ui,U 2 ,ep,ui,U 2 )m,p=i,..., 2 n of ker u dual to L*. In local coordinates 
this is given by 


e = T 

Jm Q^a ’ 


ui =q 


d 

dq^ ’ 


- r„.“ + 2SiaM‘g^) . 


Using this basis one may define the three endomorphisms 

Ji = d^^eA A CB+n + d'^^eA A eB+n + ui Au2- e2Ui A U2 , 

J2 = d^^eA A ep - eid^^eA+n A eB+n + ui A ui -|- 6162^2 A 112 , 
J3 = —€2d'^^eA A eB+n T d'^^eA+n A ep -|- 'U2 A rti -|- ui A U2 , 


d 

U2 = -2H^ , 
d(i) 


(52) 


(53) 


where we are using the notation {X A Y){Z) = g'{Y, Z)X — g'{X, Z)Y. The 
endomorphisms Ji,J 2 ,J 3 are skew-symmetric with respect to g', mutually 
anti-commute and satisfy 

•^1 Iker,; = -^^2 , «^l|keri, = ^2 , ^ILevv = ’ '^ l '^2 = ^3 , ( 54 ) 
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which is the e-quaternion algebra up to relabelling. Since the expressions 
for Ji, J 2 , J 3 are invariant under transformations of the form (|48p they are 
independent of the choice of frame L of ker v in the class of frames considered 
above and are therefore globally-defined on P. In Table [2] we summarise 
which of these endomorphisms are almost complex and which are almost 
para-complex when restricted to keru <ZTP. 

It is interesting to define two additional endomorphism fields (which are 
also independent of the choice of L as above) 

J 3 = -e2d^^eA A e^+n + d'^^eA+n A cb + m A U2 + ui A U2 , (55) 

J = -e2d^^EA+n AEb + d'^^SA+n A SB + U2 A Ui + U2 A Ui , (56) 


which satisfy = J^\, = ei and are skew-symmetric with respect 

to g'. The previously defined endomorphism J 3 differs from J 3 by sign on 
the two-dimensional subspace spanned by (tti,tt 2 ) and from J by sign on 
the (2n-|-2)-dimensional subspace spanned by {em,ui,U 2 )- Neither J 3 nor 
J form part of the e-quaternion algebra. Using Lemma [TJ J can be written 
in terms of (l)-invariant vectors as 


J = -e2d 
+ 2e‘^ 


AB 


CA+n A&B 

_d^ d(l> 2 ^d<p) \<9C/ 2 d^J_ 


1.7 d 


(57) 


Here we have used the splitting of the manifold M parametrised by the 
coordinates q°‘ into the level sets of the function cj) defined in (1261) . In par¬ 
ticular, we can include in a new local coordinate system on M consisting 
of (j) together with a choice of local coordinates on a level set of cf). The 
coordinates chosen on one level set are extended to the other level sets by 
imposing that the coordinates are invariant under the flow of ui. In the 
resulting new coordinate system, one computes ui = 2^. Next, we note 
that 


-A. A- 


On := 2 


a 

dC.1 


- 

2 '’ 




and that 


d^^EA+n Aeb = 


V Ac — -T 

\ ra 


Va A 9b 



almost complex 

almost para-complex. 

spatial c-map 

Ji, J 2 , J 3 


temporal c-map 

J 3 

Ji, J 2 

Euclidean c-map ( 61 , 62 ) = (1,1) 

Ji 

J 2 , J 3 

Euclidean c-map ( 61 , 62 ) = (1,-1) 

J 2 

Ji, J 3 


Table 2: Properties of Ji,J 2 , J 3 when restricted to keru. 
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where (O™") : 


0 -d 
d 0 


. Using Lemma [T] one can then show that 


d^^eA+n A es = /\h-U2/\ui , 


from which we finally obtain (I57p . Notice that J differs from ztJs and ztJg 
on the (2n + 4)-dimensional subspace span 9/(9^^, 9/901 = 


span{cm,lii,rt 2 ,ui,fi 2 }, unless n = 0 , that is when M is a point. 

The endomorphisms J 3 , J 3 , J are invariant under the ?7f:^(l)-action and 
induce almost ei-complex structures on the c-map target manifold N. The 
endomorphisms Ji, J 2 transform into one-another under the (l)-action 
according to ^ZpJi = J 2 ■, ^ZpJ 2 = eiO. 


Theorem 1. 


(a) On the target manifold of the spatial c-map the almost complex structures 
J 3 , J 3 are integrable and J is integrahle if and only if the cubic tensor 
C vanishes. 

(b) On the target manifold of the temporal c-map the almost complex struc¬ 
tures J 3 , J 3 are integrahle and J is integrable if and only if the cubic 
tensor C vanishes. 

(c) On the target manifold of the Euclidean c-map the almost para-complex 
structures J 3 , J 3 are integrable and J is integrable if and only if the 
cubic tensor C vanishes. 

It was shown in [64j that the almost complex structure J 3 on the target 
manifold of the spatial c-map is integrable. The other parts of this theorem 
will be proved on a case-by-case basis in Sections 15.31 - 15.51 For easier 
reference we stated the result as three cases (a)-(c). 

The endomorphisms Ji, J 2 , J 3 define a (fibre-wise) e-quaternionic struc¬ 
ture Qp = span{ Ji, J2, J3} on keru C TP, which is skew-symmetric with 
respect to the metric fl'^lker'u- Due to the transformation properties under 
Pej(l), this induces an almost e-quaternionic Hermitian structure on 
(iV,gjY)- ftie next section we will show, by explicit calculation, that 
Qfi is parallel with respect to the Levi-Civita connection, which proves the 
following theorem. 

Theorem 2. 


(a) The target manifold of the spatial c-map is quaternionic Kdhler. 

(b) The target manifold of the temporal c-map is para-quaternionic Kdhler. 

(c) The target manifold of the Euclidean c-map is para-quaternionic Kdhler. 
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In all three cases the reduced scalar curvature v = sca//(4(n + l)(n + 3)) 
is equal to —2. This can be seen by comparing the 5p£(l)-curvature of the 
c-map target manifold 

= dp + p Ap , 

with the 5p£(l)-curvature of e-quaternionic projective space 

Ro=\ E 

q=1,2,3 

Here the matrix is given in expression (f75|l and U!a{', •) := ^ad'iJa'i •) is 
the fundamental two-form associated with the almost e^-complex structure 
Ja■ The matrix p is given for each c-map separately in Sections 15.31 - 15.51 
For an e-quaternionic Kahler manifold the above ^^^(Ij-curvature tensors 
are related by [62] 

rH = . 

Computing both sides one finds that = —2 in all cases. 

5 Levi-Civita connection and integrable e-complex 
structures 

In this section we will calculate the Levi-Civita connection on the target 
manifold of the c-map for various spacetime signatures. We will 

also show that the two skew-symmetric almost e-complex structures J 3 and 
J 3 introduced in the previous section are integrable. 

In order to compute the Levi-Civita connection and to check the integra- 
bility of the structures J 3 and J 3 one needs to calculate exterior derivatives 
of an appropriate local co-frame on N. To do this we will make use of 
the partial co-frame (1471) on the [/^^(Ij-principal bundle P ^ N. There 
are two complementary approaches one may take when performing these 
calculations: 

1. Use a local section of P —>• iV to pull-back the partial co-frame from 
P to a CO- frame of N and then perform calculations. 

2. Perform calculations directly on P using the partial co-frame and then 
use a local section to pull-back the results to N. 

We will adopt approach 2 since one only needs to make a choice of local 
section after all calculations have been performed. There is a slight compli¬ 
cation due to the fact that the partial co-frame (|47p is not invariant under the 
flow of the fundamental vector field Zp and therefore not projectable to N, 
which we address in Section 15.11 The relation between the two approaches 
is discussed in Section 15.21 The explicit calculation of the Levi-Civita con¬ 
nection and integrability of the e-complex structures for various spacetime 
signatures are presented case-by-case in the remaining sections. 
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5.1 Calculating on P nsing a non-invariant partial co-frame 

In this section we want to discuss the following problem. Let (M, g) be a 
pseudo-Riemannian manifold with almost e-quaternionic Hermitian struc¬ 
ture Q and vr : P —)• M be a principal bundle with structure group 
G. Suppose we are given pointwise linearly independent one-forms 0*, 
i = = dim(M) on some open subset U C P, which are horizon¬ 

tal in the sense that they vanish on any vertical vector, such that 

where (rjij) = diag(lfc, —l^) is the Gram matrix of an orthonormal frame in 
standard ordering. We will assume that tt*TM is trivial on U. Systems (0*) 
as above will be called partial co-frames of P over U. Notice that given a 
principal connection on P and a basis of g = Lie G, any partial co-frame of 
P over U is canonically extended to a co-frame of P over U. 

The problem is to show that Q is parallel with respect to the Levi-Civita 
connection, and, hence, the manifold {M,g) is e-quaternionic Kahler. This 
involves computing the Levi-Civita connection of g in terms of (0*), without 
assuming that the forms 0* are G-invariant and, hence, projectable to M. 

Proposition 3. Under the above assumptions, the system of equations 

de^ + a] A 0^’ = 0 , (58) 

has a unique solution a = (aj) € {U,so{k,i)). Given a second system 

of n linearly independent horizontal one-forms (0*) onU C P, the solution 
a = (fjp of the system 

d¥ + a] A 0^' = 0 , (59) 

is related to a by 

a = —{dA) A~^ -\- AaA~^ , (60) 

where A = (Aj) E G°°{U,0{k,(!)) is the gauge transformation relating (0*) 
with (0*), that is 0* = A'^OL 

Proof: We first prove the uniqueness. Suppose that a' is a second solution 
of (IMjl . Then the difference A = (Ap = a' — a ^ ^}^{U,5o{k,£)) satisfies the 
equations A)-A0-^ = 0. For the coefficients Ajl in the expansion A^ = A-1.6^ 
this implies A-I, = A^*. Therefore Aji^ := riiiA-\. is antisymmetric in {i,k) 
and symmetric in [j, k), which implies A = 0. 

One can easily check that given a solution a of (f58]l and a gauge trans¬ 
formation A E G°°{U,0{k,i)), a = —{dA)A~^ -\- AaA~^ is a solution of 
dMI), if we define 0 * = A^-9P 

Now we prove the existence. Given the above hypothesis on U, we can 
assume without restriction of generality that U = Tr~^{Uo) is the preimage 
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of an open subset Uq <Z M on which an orthonormal co-frame (0 q) exists. 
It is sufficient to remark that the pullback of the connection one-form do 
of the Levi-Civita connection of {M,g) with respect to the co-frame (0g) 
gives a solution of (|58|) . where (0®) = {'k*6q). The equation (l58|) is in fact 
obtained as the pullback of the equation d9o + ao A 9 q = 0, which expresses 
the vanishing of the torsion of the Levi-Civita connection of (M, g). Here 9q 
is the column vector with entries 9q. □ 

The almost e-quaternionic Hermitian structure Q on M induces a 
(fibre-wise) e-quaternionic Hermitian structure Qp in the normal bundle 
Isf = TP/T'^P to the fibres of P —>■ M, where T^P c TP denotes the verti¬ 
cal distribution. The e-quaternionic structure Qp is Hermitian in the sense 
that it consists of endomorphisms which are skew-symmetric with respect 
to the (fibre-wise) metric 7r*g in Tf. By construction Qp is invariant under 
the G-action on Isf induced by the principal G-action on P. Conversely, a 
fibre-wise skew-symmetric e-quaternionic structure Qp on {'N,Tr*g), which 
is invariant under the G-action on Isf, induces an almost e-quaternionic Her¬ 
mitian structure Q on M, which may be parallel or not. 

Proposition 4. Given a G-invariant skew-symmetric fibre-wise e- 
quaternionic structure Qp on the induced almost e-quaternionic Hermi¬ 
tian structure Q on {M,g) is parallel with respect to the Levi-Givita connec¬ 
tion if the solution of takes values in the Lie algebra spg(l) (B 5)()fik,l), 
provided the partial co-frame ( 0 ®) is e-quaternionic. 

Proof: Consider an open subset P C P on which an e-quaternionic partial 
co-frame (0®) is defined. We may assume without restriction of generality 
that U = is the preimage of an open subset Uq C M on which an 

e-quaternionic co-frame (0 q) exists. This may be pulled back to give another 
e-quaternionic partial co-frame (0®) = (7r*0Q). Since both (0®) and (0®) are 
e-quaternionic partial co-frames they are related to one-another by a gauge 
transformation of the form A = (Aj) E C°°{U, Sp^{l) ■ Sp^{k,i)). Let us 
denote by a the solution of (l58]l in the basis ( 0 *) and by d the solution in 
the basis ( 0 ®). 

Suppose that a takes values in sp£(l) • 5 pg(/c, £). From ([HU]) it follows that 
d also takes values in sp£(l) • 5p^{k,£). Since d is the pull-back of the Levi- 
Civita connection one-form in an e-quaternionic co-frame it follows that the 
Levi-Civita connection on M takes values in sp£(l) • 5p^{k,i) when written 
in an e-quaternionic co-frame. □ 

Proposition [3] shows that in order to compute the Levi-Civita connection 
of a manifold {N,gf^) in the image of the c-map it is sufficient to solve the 
equation (15811 locally on P without having to assume that the partial co¬ 
frame (0®) is projectable. If the solution to ([581) takes values in spg(l) © 
5pi,{k,i) in an e-quaternionic partial co-frame then the manifold (iV, g'jy) is 
e-quaternionic Kahler by Proposition [H 
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5.2 Alternative approach: calculating on N using a co-frame 

Let us now briefly discuss an alternative way of calculating exterior deriva¬ 
tives and the Levi-Civita connection directly on the target manifold 
in the image of the c-map. 

Let U C P be an open set on which the partial co-frame (14711 is defined. 
Consider any local section s : Uq ^ P with values in U, for example the 
local section defined by the equation = 0. (Recall that is one of 

the functions on P introduced in Section 14.21 1 We may use the 

section s to define a co-frame on Uq G N given by 

{e^,ul,ul,e]^,ul,ul) = s* . (61) 

It is then possible to calculate the exterior derivatives and the Levi-Civita 
connection in this local co-frame on N. 

One may relate this approach to that of Section [SR] as follows. Since the 
exterior derivative commutes with the pull-back of a differentiable map we 
have 

de^ = s*de'^ , dul = s*du^ , etc. 

where the exact expressions on the RHS can be read off from (I5ip . Moreover, 
from Proposition [3] it follows that the Levi-Civita connection uo on N in the 
basis (l6T|) is given by the pull-back of the unique solution a of equation (158)1 
in the basis (j47|) . which is calculated in the following sections. 


5.3 The spatial c-map 

In this section we consider the reduction over space from 3 -|- 1 to 2 -|- 1 
dimensions. This means that one must set ei = —1 and €2 = ~1 in the 
expressions in Section 14.21 Recall from Section [3.21 that the Hesse potential 
H is assumed to be negative. 

In order to expose the quaternionic geometry we define the complex 
partial co-frame on P 


u = (x^dCi - Fi{X)dC^^ , 

-I- i {d^ -I- i(C^dC/ - CidC^ij 


V = e 


= Pj^dX^ 


= -ie 


ie-^/2pANiJ 


(62) 


Recall that X^ = and, due to homogeneity, Nij{X,X) = 

Njj{Y,Y) and Xjj{X,X) = Xjj{Y,Y). We have locally defined the matrix 
{Pj"^) with entries 


= e^/'^ (fP/ + iT/+")nj“ , (63) 
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where 11^“ represents the holomorphic projection from the special holomor- 
phic coordinates to special real coordinates 

dq- = , (n/) = ^ = ( ) • (64) 

Notice that Pj^Y^ = 0, and, hence, Pj^dX^ = e~'^/‘^Pj^dY^. Using the 
local section s = {Im(X°) = 0} (= {x^ = 0}) of P ^ iV discussed in Section 
EJ one can pull-back (|62li to the complex orthonormal co-frame on (N, 
presented in [250. 

Proposition 5. The complex partial co-frame (|62p is related to the real 
partial co-frame dm) introduced in Section 14-21 by 

u = u^ + iif , = e^ + ie^^"^ , 

V = + ie^+'^ . (65) 

The one-form v may be written as 

z; = ^ {X^NjjdX-^ - dX^NjjX^) . 

Proof: Using = —2H and 

Y^ = x^ + iu^ , Fi = yi + ivi, Ha = {2vi,-2u^)'^ , 


the first two expressions are calculated to be 


u = —z- 


1 

m 

1 


X dC,i — yidC, -|- i ( u dCi — vjdC 




1 

'm 1 


2q°-TLabdq^ - i {Hadf^ 


V = —- 


2H 


-dH + i 


+ 2q°-QabdT 


Comparing with the explicit expressions in (I47p gives the desired result. 
Next, we observe that 

gA ^ -gU+n = l(/d - ij*){e^ + ie^+'^) = (?/ + zy/+’")n/dy^ 

= e-^/^Pj^dY^ = Pj^dX^ = . 

Using the fact Pj^Y^ = 0 along with (|64l) and ()63p one may write 

ie-^PpjANiJ _ PjKdC^^ = -Aie-^/'^Pi^N^-^tij^Vlbcdq^ 


= -ie- 


= -4z(y/ + zT/+'^)n/iv'-'n/orf. 


a at/Jt 


^°Recall that we use the D-gauge —NijX^X'' = 1 in order to fix the scale transforma¬ 
tions of the CASK manifold M, whereas in they are fixed by setting |A°| = 1. These 
two choices are related by the transformation X^ i—>■ 
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Making use of the identity j’ = which can be easily 

verified using (I13p and (1641) . along with the expression for J*^°' given by the 
components of m , we can write 

+ idcf) . 

From (f35]) it follows that and, hence, 

Lastly, we calculate 

^ [X^NijdX^ - dX^NijX^) 

= e-'^Im {Y^Nij{Y, Y)dY-^) = -e-^Re {FjdY^ - yUFj) 

= {yidx^ - x^dyi - vjdu^ + u^dvi) = “^ {q°‘^abdq^ - ^Ha^°‘’'dHb 

= -^q°'^abdq^ = V , 

where in the second line we used ([9]) and in last line ()12p . □ 

The exterior derivatives of the one-forms in the complex co-frame may 
be written as [25] (see also |69| for the indefinite case) 

du = ^ -|- iv^ A u — dAB^^ A , 

(iv = uAu-|-vAv-|- dABF^ A , 

A , (66) 

dE^ = (^ - - iu) A E^ - u A A E^ + A E^ , 

where := a^B + ^^BC + These 

expressions may be checked using (l5Tp and the identities (Hop and (l4iP . 

Proof of Theorem [I] (a): The following proof that J3 is integrable was 
provided in [Bl]: a basis of the +i eigendistribution of J3 is given by 
®(b0) = 

(u, V, e"^, E"^). Each term in the exterior derivative of any element 
in contains a one-form in the set 23^-0). Therefore the distribution is 

integrable by the Newlander-Nirenberg theorem, hence the almost-complex 
structure J3 is integrable. 

We now consider the integrability of J3 and J. A basis of the +i eigendis¬ 
tribution of J3* is given by T'(i>o) _ (q, v, E"^), and by the same ar¬ 
gument as above J3 is integrable. A basis of the +i eigendistribution of 
J is given by (u, v, e"^, E"^), and therefore J is integrable if and only if 
S^BC ~ ~ which is the case if and only if the cubic tensor C, 

defined in (I36p . vanishes. This is true if and only if the holomorphic pre¬ 
potential T, or, equivalently, the Hesse potential H on the corresponding 
CASK manifold M is a quadratic polynomial. □ 
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Proof of Theorem (a): The complex one-forms, along with their conju¬ 
gates, may be gathered together into the quaternionic vielbein 




1 

V2 


u 


E 


A 



(67) 


In this co-frame the Levi-Civita connection one-form decomposes according 
to (l2^ . where p, q, t are given by [25] 


P = 


—it^ — ivf 

— ivf 


q = 


1^2 - iu 

{fp — dcB 


+ 




t = 




The quaternionic structure is therefore parallel with respect to the Levi- 
Civita connection. □ 


Let us briefly explain how one may check that the above expression for 
the Levi-Civita connection is correct. It is obvious from the formalism that 
the above expression dehnes a metric connection so it suffices to check that 
its torsion is zero. In terms of an e-quaternionic vielbein the latter condition 
is given by 

A = 0 . 

This can be naturally split into two separate sets of equations 


de'^^ = —p'^ jf'^'^ , 

df^^ = V + id'q^v'Y jf 

where we have dehned 

u \ „aT / -V -E^ 


( 68 ) 


:= 


E^ 


jAI _ 


U 




r] : = 


1 0 
0 d 


In the quaternionic case s = t and and therefore the second 

set of equations follows from the hrst set by complex conjugation. However 
in the para-quaternionic case, which we will deal with in the following sec¬ 
tions, the second set of equations are not implied by the first, and must be 
checked independently. 
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Let us end by explicitly checking, for instance, that the formula for 
obtained from (j 68 p coincides with the exterior derivative of as given in 



Here we have omitted writing the symbol for the wedge product. 

5.4 The temporal c-map 

We now consider the reduction over time from 3 + 1 to 3 + 0 dimensions. 
In this case we must set ei = — 1 and e 2 = 1. Recall that in our construction 
of the c-map the spatial and temporal c-map have the same target manifold 
but different metrics. In particular, we may use the same partial co-frame 
L* on P defined by in both cases. 

Proof of Theorem [i] (b): It follows from (j49p and ()53p that the almost- 
complex structures J 3 and J 3 in the case ( 61 , 62 ) = (— 1 , 1 ) coincide with 
— J 3 and — J 3 , respectively, in the case ( 61 , 62 ) = (-1,-1). Therefore the 
integrability of these structures follows from the proof of Theorem [1] (a) 
given in Section 15.31 

The almost-complex structure J in the case ( 61 , 62 ) = (—1,1) coincides 
with — J in the case ( 61 , 62 ) = (-1,-1) except for its action on the two- 
dimensional subspace spanned by {ui,U 2 ), where it acts with opposite sign. 
Taking this into account, one may use the same argument as in the proof of 
Theorem [1] (a) that J is integrable if and only if (7 = 0. □ 

Let us define the real partial co-frame 



E^ = -e^ -h 6^+*" 


u = u^ + u^ 

V = 


which we gather together into the para-quaternionic vielbein 



e 

E^ 



( 69 ) 
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One may use Proposition [5] to write the vielbein in terms of the real and 
imaginary parts of the complex co-frame (|62p . Notice that the above ex¬ 
pression for the para-quaternionic vielbein is not related to the expression 
for the spatial c-map quaternionic vielbein by replacing complex coordinates 
with the para-complex coordinates. However, as we will explain in the next 
section, such a relationship does exist for the vielbeins of the spatial and 
Euclidean c-maps. 


Proof of Theorem\^ (b): In the frame (|69p the Levi-Civita connection one- 
form decomposes according to (f 2 ^ . where p, q, t, s are given by 


P = 


Q = 


t = 


s = 



-1- u) -h \ 

^(u^ + v) 

-|- —ii^ j 

0 

e^-^^dcB \ 

eA+n 

A qA+n -m / 

^ B Bm^ / 

- h 

—e^dcB 

—eA 

_^A+n 1 pm _ 

^ B ^ ^ Bm^ 

1^2 - iu 

e'^dcB 

eA 

^A+n qA 

" S Bm^ 








The para-quaternionic structure is therefore parallel with respect to the 
Levi-Civita connection. □ 


5.5 The Euclidean c-map 

We now consider the reduction from 4 -|- 0 to 3 -I- 0 dimensions. In this case 
we make the choice ei = 1 but €2 may be left arbitrary. 

Let us define the real partial co-frame on P 

u = —e 2 U^ — , 

V = , 

= e^ + 626 ^+” , 

E^ = e^ + 626 ^+” . (70) 

Proposition 6. The following para-complex partial co-frame (and its para- 
complex conjugate) is related to the above real partial co-frame by replacing 


u = — e2U^ , 

V = u^ -\-u^ , 
e ^ = e ^- 626^+” , 

= -€26^ + 6 ^+*" , 
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the para-complex unit with 1: 


+ i,^u^ = (xUO - FidC^^ 


+ ieiU^ = e 


+ ieM^ + - CidC^)) 


,A+n 


= Pj , 


e Pie^e 

= -i,,e-^I^Pi^N^^ {dCj - FjxdQ^) , 


( 71 ) 


where dq'^ =: + and Pj^ := e'^/ 2 (y^A^ 

one-form v may be written as 


^ = ^ [X^NijdX'^ - dX^NijX^) 


Proof. The proof is analogous to the proof of Proposition O In the para- 
complex case one must use the identities = ^{Id -|- eiig^ J*)e"^ and 

4n/y-f'^n/= 77“^ - □ 

The exterior derivatives of the one-forms in the real partial co-frame can 
be computed from Lemma [3] 

du = ^ — — e 2 V^ A u — 6abF"^ A , 

dv = uAu-|-vAv-|- a S'® , 

de^ = - - 620 -^+”^^ A , 

dF^ = ^ — -|- 62 ^^ A — u A b ~ £20’"^'''”^) 

+ (^—^2S^bc + ’ 

-h e 2 U^ A u - 6abF"^ a , 
uAu-|-vAv-|- 6abF^ a E-® , 

“ B + f 2 Cr B j ^ ® ’ 

^ — e 2 U^ A E"^ — u A — (^ct^b + £20’"^'''”^) 

+ (-e25V -v) e^AE^. 

Proof of theorem {1\ (c): We first consider J 3 . A basis of the -|-1 eigendis- 
tribution of is given by = (u, v, e"^, E"^). Each term in the exterior 
derivative of any element in 23"*“ contains a one-form in the set S'*". There¬ 
fore the distribution is integrable by Frobenius’ theorem. A basis of the — 1 


du = 
dv = 
de^ = 
dE^ = 
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""A 

eigendistribution of J 3 is given by ‘B~ = (u,v, e"^,E ), and by the same 
argument it is also an integrable distribution. Therefore the almost-para- 
complex structure J 3 is integrable. 

Let us now consider J 3 and J. A basis of the +1 eigendistribution of J 3 * 
is given by = (u, v, and a basis of the —1 eigendistribution by 

‘B'~ = (u, V, E"^). By the same argument as above J 3 is integrable. A 
basis of the +1 eigendistribution of J is given by (u, v, E"^) and the —1 
eigendistribution by (u, v, E"^). Therefore J is integrable if and only if 
the cubic tensor C vanishes. □ 


One may gather together the elements of the real partial co-frame (17011 
into the para-quaternionic vielbein 




1 

V2 


u 

V E^ 



(72) 


Proposition [6] shows that one may replace the complex unit i and holomor- 
phic coordinates in the formal expression for the spatial c-map quaternionic 
vielbein dSZI) with the para-complex unit and para-holomorphic coor¬ 
dinates in order to obtain the above expression for the para-quaternionic 
vielbein in the Euclidean c-map with (ei, € 2 ) = (1, —!)• 

The three endomorphisms Ji, J 2 > <^3 defined in (1531) correspond to the 
following three 2-by-2 matrices 



{-iaa) 

if (ei,e 2 ) 

= (- 1 ,- 1 ) 

{Ta) 

if (ei,e 2 ) 

= (- 1 , + 1 ) 

1 

P* 

1 

if (ei,e 2 ) 

= (+ 1 , + 1 ) 

(-r 2 , -r 3 ,-ri) 

if (ei,e 2 ) 

= (+ 1 , - 1 ) 


(73) 


Notice that in the last three cases we could have used the same basis (tq). 
The reason not do so was to allow for the unified expression (|53p for {Jo) in 
terms of the orthonormal basis. 


Proof of theorem\^ (c): In the basis (I72p the Levi-Civita connection one-form 
decomposes according to (l 22 |) . where p, q, t, s are given by 


P = 


+ e2^v —u^ + e2U^ 

'■‘2 19 1 


/ -lu^ + e2lv 

\ 626 "^ — 


-t- 626 *^+”') 5cb 


(y B ~ Q 


+ €2v)5^ 
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..." . ,,)■ 

(-£2*5' BC + ) / 

, ■ ) 

V 0 (5V + £25^+V)(e"' - ^ 26 ^+") / 

The Levi-Civita connection is therefore compatible with the para- 
quaternionic structure. □ 

6 c-map spaces as fibre bundles with bundle met¬ 
rics 

In Section 14.21 we have described c-map spaces in terms of the ?7e^(l)- 
principal bundle P = TM xR^iV equipped with the degenerate sym¬ 
metric tensor field g' ^ see (j49p . which pushes down to the e-quaternionic 
Kahler metric gfj. We now turn to a complementary point of view, where 
c-map spaces are locally described as product manifolds 

N = M xG, 

where M is the original PSeiK manifold, which is locally a PSeiK domain, 
and where G is the Iwasawa subgroup of 51/(1, n -|- 2). The e-quaternionic 
Kahler metric can then be written in the form of a ‘bundle metric’ 

9n = 9 + 9g{p), (74) 

where g is the PSeiK metric, and where gcip) is a family of left invariant 
metrics on G which is parametrised by p G M. We will show that for fixed 
p & M the metrics gcip) are among the symmetric ei-Kahler metrics of 
constant ei-holomorphic sectional curvature that were discussed in Sections 
12.1.31 and 12.1.41 and give explicit expressions for the metric, ei-complex 
structure and ei-Kahler potential. 

6.1 The bundle metric 

We start from (|25|) . where we re-write the expression gjjdmX ^in 
terms of the physical four-dimensional scalars Explicitly, the metric pjy 
now takes the form (j74p where g = gAsdz^dz^, see (j24p . and where 

9g{p) = '^d(t? - -b dCi - CidC^)^ 

+ ye"'^ (dij{p)dC^dC'^ - eif'^{p){dCi - ‘JliK{p)dC^){dCj - ‘JljL{p)dQ^)^ , 
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which as indicated depends on p G M. Taking M to be a PSeiK domain, 
we find that iV is a product N = M x L ^ M with fibre L = The 

fields provide holomorphic coordinates on M and are real 

coordinates on L. 

For €i = €2 = —1, the metric (I75p agrees with the expression in [35] upon 
making the following field redefinitions 

Jjj = —J/j , IRjj = —fk/j , 

where the ‘primed’ coordinates are those used in |45j . 

Following |45] we define the following one-forms: 

7?^ = ^/2e-'^/2dC^ ii = V2e-’^/^[dO-'3liKdC^) , 

r?-+i = 2e-^(^# + i(C^d6-M0) , en+i = d</>, (76) 

where / = 0 ,..., n. n this co-frame the fibre metric is 

4^0 = {(n+if - + €23ijr]^r]'^ + . 

where e := —eie 2 . Since 3jj is symmetric and invertible, by a linear change 
of coordinates, we assume 

3ij = -ViJ ) 

where {r]ij) = diag(—ei, 1,..., 1). Here we used the information about the 
signature of the matrix (J/j) provided in Section IXTl 

Thus pointwise with respect to p G M we can bring the fibre metric to 
the standard form 

4ffG = d-ri - - 62 VI • (77) 

The one-forms are invariant under the following group of affine transforma¬ 
tions depending on 2n -|- 4 real parameters {v^,vj, a, A): 

Ci -h VI , 

^ - v'^C) + a , 

4> (f) + X . (78) 

The Lie group structure underlying the above affine transformations is 

{v, V, a, A) • {v', v\ a\ X!) = (79) 

{v -|- V + a + e^a' + — v'^v'), A -|- A') . 
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Thus considered as a Lie group G with the above multiplication, acts 

on L = by the affine transformations ()78p . Using this group action 

we can identify the Lie group G with the G-orbit of the point (0,0,0,0), 
which is all of L. The affine transformation (|78p is then given by the left 
action of G on itself. 

The differentials of the one-forms (0“) = {rj^,^n+i) are linear 
combinations of wedge products of the 0 “ with constant coefficients: 


, d^i 




n+1 


, 

A=0 


d^n+1 — 0 . 


These coefficients are, in fact, the structure constants of the Lie algebra g of 
the group G. This is clear since the forms (0“) can be considered as a basis 
of the space of left-invariant forms on the group G. 

The left-invariant vector fields (14) = {Xj,Y^, Zq, D) dual to the one- 
forms ( 0 “) = [r ]^are given explicitly by 



0/2 


(_d_ 1~ 


y/ = 1 e0/2 f 

V2 \dCi 


2 d4> 



A 

d(f) ’ 



The non-trivial commutators between these vector fields are 


(80) 


[Y\Xj] = 6^jZo, [D,Y^] = ^Y^, [D,Xi] = ^Xi, [D,Zo] = Zo. 

(81) 

This is a solvable Lie algebra, and looking back at Section [2T31 we recognise 
it as the Iwasawa Lie algebra g of SU (1, n + 2). Therefore (ITOP is the group 
multiplication of the Iwasawa group G. Thus gcip) is a family of left- 
invariant metrics on the fibres L ~ G of the product N = M x G ^ M. 

We saw in Section 12.1.41 that the natural e-complex structure Jg (setting 
e = ei) on g is given by its action on the basis of vector fields Zo,D, Xj, Y^ 
via 


JgD = -Zo, JGZo = -eiD, JqY^ =Xj, JqXi =-eifiijY\ 

where = {Y^,Y'^). Identifying Age as given in (|77p with the scalar 
product considered in Section Pi. 1.41 we get ffij = eie 2 gij- Comparing this 
with ([57p we see that the almost ei-complex structure J on N obtained by 
projecting the tensor field J from P to N can be written a£3 

J = —62 — Jg ■ 

^^Note that Jg = D A Zq + A Xi, when evaluating the endomorphism Jg using the 
scalar product (•, •). In (I57II the metric g' is used instead, which restricts to |(•, •) on the 
fibre. This leads to an additional factor 4 in (|57p. 
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In particular, this shows that Jq is different from the restriction of the 
structures iJs and ztJg to the fibres of the projection iV = M x G —)• M, 
with the exception of the case when M is a point and therefore G is 4- 
dimensional. In the latter case J3 coincides with — Jg, see the end of the 
next section for a discussion of this special case. 

6.2 Kahler potentials for the fibre metrics 

We will now identify the e-Kahler potentials for the metrics on the fibres 
G ~ L of c-map spaces, and thus show that they are among the e-Kahler 
metrics described in Section [2]TT3l where now e = ei. We treat all three cases 
of the c-map simultaneously. Along the fibre the matrix Af/j = fR/j 
is constant. Let us introduce the ei-complex coordinates (G/, S) via 

Cl := Cl - S-.= e^-e - ^G/J^-^Gj^ . 

One can show that 


V2e-^/^dCi = Ci-ie,hjv\ 

{dS -edCif^Cj) = Cn+i - 

where differentials are restricted to the fibre, whilst the Kaluza-Klein scalar 
(j) can be expressed in terms of the fields (G/, S) as 

2e'^ = 5 + 5-eG/J-^‘^Gj. 


Hence, the metric on G is given by 

\dS-e dCid^-^Cj I ^ ^ dCi'J^HCj 

{S + S-e ^ ^ S + S - e CiJ^^Cj' 

In order to compare to the parametrisation used in Section 12.1..'ll we 
introduce the ei-complex variables {u,u^) via 


25 


1 - w ^ 

1 -|- u 1 -|- ti 


in terms of which the metric on G becomes 

_ \udu + €2U^3ijdu'^f Idul"^ + e2du^3ijdu'^ 

(1 — |nP — e2U^'JijU'^)‘^ 1 ~ ~ e2U^'JjjU'^ 

as can be checked by a straightforward but long calculation. A simple cal¬ 
culation shows that the metric go is ei-Kahler with potential 

K = — log (1 — — e2U^'3iju'^) ■ 
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Since J/j is constant, non-degenerate and symmetric, we can make a lin¬ 
ear coordinate transformation to make it diagonal with entries ±1. Setting 

z^ = u, = a = 2,... ,N = n + 2 , r/af, = diag(l,e2J/j) , 

we obtain 

Kl = - log (^1 - fiabz^'i’^ = -K , 

and 

9L = -g = (I - VabZ'^Z^y'^ (^(1 - fiabZ'^Z^)fiab + dz’^dz'^ . 

These metrics gi with ei-Kahler potential are, up to an overall sign, 
among the e-Kahler metrics g with e-Kahler potential K introduced in Sec¬ 
tion [2T31 where now e = ei. Since the choice of the initial special e-Kahler 
metric on M determines the signature of the metric on G, only a subset 
of the metrics considered in Section [2.1.31 can be realised by the c-map. In 
particular the Fubini-Study metric on 

(Cpn+2 _ ^ 3)/(C/(l) X U{n + 2)) , 


cannot be realised. To obtain the negative of the Fubini-Study metric, we 
would need to take ei = —1, and gab = —dab which gives 


Kl = - log{l + dabz’^z'^) , 


(1 -h 5cdZ''z^)5ab - Z^-Z^ aj-b 


However, since diag(l, e2ll/j) / —dab it is not possible to obtain this geom¬ 
etry using the c-map, even if we were to allow for four-dimensional vector 
fields with negative kinetic energy. 

We now discuss the geometries realised by the three c-maps. In order 
to interpret the resulting signatures in terms of dimensional reduction, we 
recall that the coordinates encode the followings fields: the Kaluza-Klein 
scalar cf) , the dualised Kaluza-Klein vector (j), the components of the four¬ 
dimensional vector fields along the direction we reduce over, , and the 
scalars dual to the three-dimensional vector fields, C/. The signs in front of 
the kinetic terms of these fields can be read off from the three-dimensional 
Lagrangian (I25p . Equivalently, they are determined in terms of the signs in 
the four-dimensional Lagrangian (|23p through the following general proper¬ 
ties of dimensional reduction and Hodge dualisation: (i) spacelike reduction 
preserves all signs, while timelike reduction reverses the sign for the Kaluza- 
Klein vector and for the scalars obtained by reducing vector fields; (ii) du¬ 
alisation of three-dimensional vector fields preserves the sign in Lorenzian 
signature and reverses it in Euclidean signature. Now we list the cases which 
can be realised by the different versions of the c-map. 
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1. If we take ei 


1 and r]ab = Sab, we obtain 


Kl 


log(l - SabZ^'z'") , Ql 


(1 ScdZ Z )Sab ~t~ ZaZb 

(1 - ScdZ^Z^y 


dz^'dz^ , 


where Za = z°'. This is a positive definite Kahler metric on the complex 
hyperbolic space 


^^n +2 ^ ^ 2, l)/{U{n + 2) X [/(!)) , 


which has constant holomorphic sectional curvature —1. It is realised, 
up to a factor 4, as the fibre geometry gc = jQl of the spatial c- 
map, ei = 62 = —1, which has holomorphic sectional curvature —4. 
Here we assume that we start with a four-dimensional theory of vector 
multiplets with positive definite kinetic terms. This implies that J/j 
is negative definite. Dimensional reduction over a spacelike direction 
then results in a three-dimensional theory with positive definite kinetic 
terms. 


2. Next we take ei = —1 and {rjab) = diag(l£ , —Then we obtain 


Kl 


log(l-r/afez“2:'') , Ql 


(1 - r]cdz''z'^)r]ab -F r]acz‘'r]bdz'^ 

(1 - ficdZ^z<^Y 


dz°'dz^ , 


(82) 

which are pseudo-Kahler metrics of complex signature (£, k — 1) with 
constant holomorphic sectional curvature — 1 on the indefinite complex 
hyperbolic spaces This case is realised by the temporal c- 

map, ei = — 1, 62 = 1 with the specific value £ = 1. Here we use again 
that J/j is negative definite, if we start with a theory in Minkowski 
space-time signature with positive kinetic energy. Upon timelike re¬ 
duction all scalars resulting from the four-dimensional vector fields 
have a negative sign, while cj) and (j) have a positive sign, resulting in 
kinetic terms with signature (2, 2n-|-2), or complex signature (1, re-|-l), 
which corresponds to i = 1. We thus obtain the following indefinite 
version of the complex hyperbolic space 


CH^kn+i) _ uil,n + 2)/{U{l,n + l) x U(l)) , 


with complex signature (l,n -|- 1). 

3. Finally we take ei = 1 and obtain the same expressions as in (j82p with 
complex fields replaced by para-complex fields. This is a para-Kahler 
metric of constant para-holomorphic sectional curvature —1 on the 
para-complex hyperbolic space 

CH^+^ ~ SL{n + 3)/S(GL(l) x GL{n + 2)) . 
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The (real) signature is (n + 2, n + 2) irrespective of the signature of 
ijab- This geometry is realised as a fibre geometry for the Euclidean 
c-map, ei = 1, 62 = ±1. The result is independent of the signature of 
J/j, and hence of fjab^ since the metric is para-Hermitian and has split- 
signature. In terms of dimensional reduction, (j) and (f), and and ^7 
have opposite signs irrespective of the signs in the four-dimensional 
Lagrangian. From [Sj we know that if we obtain the Euclidean theory 
by reduction of five-dimensional supergravity with vector multiplets 
over time, then J/j has signature (l,n), which reflects the fact that 
the Kaluza-Klein vector of the 5d/4d reduction has a negative kinetic 
term. 

We remark that by matching the e-Kahler potentials obtained by the c- 
map to those found in Section [2T3] we have now proved that the solvable Lie 
groups presented in Section 12.1.41 do indeed provide local realisations of the 
symmetric spaces discussed in Section [2. 1.31 We further remark that for the 
non-compact symmetric spaces of indehnite signature, that is for 
and the Iwasawa subgroup does not act transitively, though one 

can find an Iwasawa subgroup which acts with open orbit. In these cases 
the fibre cannot be identified globally with the corresponding symmetric 
space, since the fibre has trivial topology, while the symmetric space has 
non-trivial topology. This is different for where the Iwasawa group 

acts transitively, so that the fibre is globally isometric to U{l,n + 2)/U{l) x 
U{n + 2). 

The simplest examples of c-map spaces are obtained by taking the ini¬ 
tial special e-Kahler manifold to be trivial, M = {pt}. This corresponds 
to starting with pure supergravity, and gives rise to a single hypermulti- 
plet, often referred to as the universal hypermultiplet. The corresponding 
real four-dimensional e-quaternionic Kahler manifold£l are rather special 
as they only consist of the fibre, and are therefore locally symmetric spaces 
which are simultaneously e-Kahler and e-quaternionic Kahler. Here the e- 
complex structure Jg compatible with the e-Kahler metric coincides with 
the additional integrable e-complex structure — J3, which is not part of the 
e-quaternionic structure. The three different c-maps give rise to three differ¬ 
ent universal hypermultiplets, for which we discuss below the corresponding 
globally symmetric space. 

1. ei = —l,e 2 = —1. The symmetric space 

= U{2,l)/U{2) X U{1) , 

^^The definition we gave for e-quaternionic Kahler spaces is only valid if the real dimen¬ 
sion is larger than four. As is well known, for the quaternionic case, in four dimensions 
this definition is not satisfactory, as it only implies orientability. One then takes as a defi¬ 
nition that in addition the manifold is Einstein and that the curvature tensor is invariant 
under the quaternionic structure, a property that in higher dimensions follows from the 
dehnition in terms of holonomy. 
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is simultaneously Kahler and quaternionic Kahler. This space is the 
simplest hypermultiplet geometry occurring in supergravity and ap¬ 
pears naturally in various constructions. In particular the classical 
moduli spaces of M-theory and type-II superstrings on Calabi-Yau 
threefolds contain this space as a subspace, with the scalar cf) being re¬ 
lated to the Calabi-Yau volume and the type-II dilaton, respectively. 

2. ei = —1,62 = 1- The symmetric space 

_ u{2,1)/{U{1,1) X [/(!)) , 

is simultaneously pseudo-Kahler and para-quaternionic Kahler. It oc¬ 
curs in the timelike reduction of pure four-dimensional IN’ = 2 super¬ 
gravity [6T] . 

3. 61 = 1,62 = —1. The symmetric space 

~ SL{2,)/S{GL{1) X GL{2)) , 

is simultaneously para-Kahler and para-quaternionic Kahler. In |7D] 
it was observed that this geometry is realised by reduction of pure Eu¬ 
clidean supergravity and by dualising the double-tensor multiplet 
in Euclidean signature. 
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